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ABSTRACT 

Null  values  are  a  special  kind  of  incomplete  information  that  appear  in  database 
applications.  There  are  several  kinds  of  null  values.  The  one  modeled  in  this  paper  are 
those  that  represent  entities  that  are  known  to  exist  but  whose  exact  values  are  only 
known  to  be  in  a  finite  subset  of  constants  in  a  given  domain.  For  example,  if  we  know 
that  Paul  is  the  fraternal  grandfather  of  John,  then  we  know  that  there  is  someone  who  is 
the  father  of  John  and  a  child  of  Paul.  If  we  further  assume  that  there  are  only  finitely 
many  individuals,  then  this  someone  can  be  represented  by  the  kind  of  null  value  men¬ 
tioned  here. 

In  this  paper  we  incorporate  these  null  values  into  definite  programs  by  using  a 
new  kind  of  symbols  called  S-constants.  We  present  model  theoretic,  proof  theoretic  and 
fixpoint  semantics  for  such  programs.  In  the  above  example,  given  the  additional 
knowledge  that  Mike  is  the  father  of  Joe,  these  semantics  allow  us  to  answer  the  ques¬ 
tion  “Are  John  and  Joe  brothers?"  by  “Yes,  if  the  (unknown)  father  of  John  is  Mke.“ 

The  proposed  semantics  reduce  to  the  usual  semantics  for  definite  programs 
(e.g.  [10] )  when  there  are  no  null  values  present. 
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1.  Introduction 

A  particular  kind  of  incomplete  information,  called  null  values,  often  emerges  in  relational  database  appli¬ 
cations.  These  represent  the  information  "entity  exists  but  value  at  present  unknown".  Consider  the  fol¬ 
lowing  example, 

Let  database  DB  contain  a  single  relation  Father(F,S)  where  the  domains  of  the  attributes  F  and 
S  are  both  male  names.  A  tuple  (f,s)  is  in  the  relation  iff  f  is  the  father  of  s  and  s  is  a  son  of  f. 
Assume  that  we  have  the  tuple  (John, Smith)  in  the  database.  We  want  to  record  the  knowledge 
that  Jim  is  the  grandfather  of  Dave,  i.e.  someone  is  the  father  of  Dave  and  a  son  of  Jim,  whose 
identity  is  unknown  at  this  time.  We  also  know  that  Joe  has  a  son,  but  we  do  not  know  his 
name. 

In  this  example,  the  unknown  son  of  Jim,  the  father  of  Dave  and  the  unknown  son  of  Joe  are  null  values. 

These  null  values  can  be  subdivided  into  two  subtly  different  categories.  The  first  contains  those  null 
values  whose  actual  values  can  only  be  in  a  known  domain.  For  instance,  in  the  above  example  if  we 
know  that  D  is  the  set  of  all  male  names,  then  we  know  that  Joe’s  son  must  be  one  of  them,  i.e.  we  can 
write  ‘Fathcr(Joe,(o)  a  toe  O,  where  co  represents  a  null  value. 

This  kind  of  null  values  are  similar  to  what  is  termed  OR-object  in  [8]  which  are  used  to  denote  a 
special  class  of  disjunctive  facts  in  relational  databases.  Lipski’s  incomplete  information  [9]  is  a  generali¬ 
zation  of  such  null  values. 

The  second  category  are  those  null  values  whose  actual  values  can  be  either  in  a  set  of  known  con¬ 
stants  or  can  be  entirely  new  constants.  The  null  values  in  Reiter's  work  [12]  fall  into  this  category. 

Most  of  the  previous  work  on  query  answering  in  databases  with  null  values,  deal  with  extensional 
databases  only,  i.e.  there  are  no  deductive  rules.  Some  of  these  try  to  extend  the  relational  algebra  opera¬ 
tors  to  accommodate  the  appearance  of  mill  values,  e.g.  [1,2,3,4,5,7,13,16].  Others  use  a  proof- 
theoretic  approach  which  treats  databases  as  sets  of  first  order  theories  and  queries  as  theorems  to  be 
derived  from  these  theories,  e.g.  [11,12, 15, 6, 14]. 

In  this  paper,  we  consider  the  problem  of  adding  to  a  definite  program,  incomplete  information 
represented  by  the  first  kind  of  null  values.  One  way  of  achieving  this  is  to  use  disjunctive  clauses.  For 
example,  in  [6],  the  information  the  unknown  son  of  Joe  is  one  of  Dave,  Mike  or  Smith’  is  represented  by 
the  clause  Tather(Joe,Dave)  v  Father(Joe,Mike)  v  Father(Joe, Smith)’.  However,  this  means  that  we  need  to 
deal  with  the  full  complexity  of  disjunctive  logic  programs,  although  the  clauses  we  use  are  just  a  very  spe¬ 
cial  subset  of  disjunctive  clauses. 

Instead,  we  preserve  the  definiteness  of  our  clauses  by  introducing  a  new  kind  of  symbol,  called  an 
S-constant,  to  represent  these  null  values.  This  also  allows  us  to  define  a  refutation  procedure  that  has 
the  appearance  of  the  SLD  refutation.  In  the  next  section,  we  present  background  information.  In  the  three 
following  sections,  we  present,  respectively,  model  semantics,  fixpoint  semantics,  and  procedural  seman¬ 
tics  for  definite  programs  with  null  values.  Finally,  we  discuss  our  results  and  future  work. 
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1.1.  Language 

Two  different  ways  have  been  described  to  model  null  values.  One  method  uses  a  single  symbol  to 
represent  any  null  value,  e.g.  (5].  In  this  method,  whether  or  not  two  null  values  are  equal  is  unknown.  In 
this  representation  the  database  OB,  given  above,  would  have  the  following  tuples  in  relation  Father: 
(John .Smith),  (Jim.co),  (to .Dave)  and  (Joe,a>),  where  to  represents  null  values.  The  other  methods  use 
indexed  null  values  (e.g.  (14])  where  different  symbols  are  used  to  represent  nuH  values,  and  unlike  the 
first  method,  whenever  two  null  values  are  represented  by  the  same  symbol  they  are  equal.  In  this 
representation  the  database  DB,  given  above,  would  be  represented  as  Father(John .Smith),  Father(Jim,coi), 
FatherCoh  Jlave),  and  Father<Joe,(o^.  Whether  or  not  two  null  values  represented  by  different  symbols,  e.g. 
a>!  and  0)2  above,  are  equal  to  each  other  is  unknown. 

The  latter  method  is  more  expressive  than  the  former  because  it  can  be  used  to  record  more  infor¬ 
mation  about  null  values,  for  nstance  that  one  unknown  entity  (the  father  of  Dave)  is  the  same  as  another 
(the  unknown  son  of  Jim),  while  the  former  method  cannot.  Also,  the  former  can  be  viewed  as  a  special 
case  of  the  latter  where  every  unknown  value  is  represented  by  a  distinct  indexed  null.  Therefore,  this 
latter  approach  is  adopted  here. 

Our  language  is  basically  the  same  as  that  of  first  order  logic  (with  equality  symbol),  except  that  we 
have  a  new  kind  of  symbol  called  an  S-constant,  usually  written  with  a  lower  case  Greek  letter.  S- 
constants  are  used  to  represent  null  values.  Other  than  the  definition  of  terms,  the  definitions  for  con¬ 
structs  like  atoms  or  formulas  exactly  parallel  those  for  a  first  order  language. 

Definition  D1.1  ( Formula )  A  language  L,  contains  symbols  for  the  following:  constants  (e.g.  a,  b,  c),  S- 
constants  (e.g.  <rt,  oj,  function  symbols  (e.g.  f,  g),  variables  (e.g.  x.  y,  z),  predicates  (e.g.  P,  Q,  R),  con¬ 
nectives  (-i,  v ,  a  , «-).  quantifiers  (V  and  3),  and  punctuations  (T,  *)", ","). 

•  A  term  is  defined  inductively  as  follows: 

-  A  variable  is  a  term 

-  A  constant  is  a  term 

-  An  S-constant  is  a  term 

-  If  f  is  an  n-ary  function  and  are  terms,  then  f(ti„..,t0)  is  a  term.  If  n£l,  then  it  is  called  afunc¬ 
tional  term. 

•  A  formula  is  defined  inductively  as  follows: 

-  If  P  is  an  n-ary  predicate,  and  are  terms,  then  P(tl,...,tn)  is  a  formula.  P(t,^„.t0)  is  also  called 
an  atom. 

-  F  and  G  are  fomr.Jas,  then  -.F,  FaG,  FvG,  F<-G  are  also  formulas. 

-  F  is  a  formula  and  x  is  a  variable,  then  VxF  and  3xF  are  also  formulas. 

•  A  formula  (term)  is  ground  if  it  contains  no  variable.  A  ground  instance  of  an  atom  A  is  obtained  by 

substituting  each  variable  in  A  by  a  ground  term.  ■ 

In  order  to  model  null  values  whose  actual  values  are  in  some  known  domains,  we  attach  a  specification 
of  these  domains  to  each  formula  in  a  program. 

Definition  D1.2  (Program)  Let  L  be  a  language  with  constants D,  and  S-constants  £. 

•  An  extended  program  clause,  is  a  two-tuple  (CiR).  C  is  a  formula  of  the  form  A<-Blt...,Bmp  where  m£0,  A 
and  Bj,  tsjsm,  are  atoms.  R  is  a  set  of  the  form  ({oi)£  Di„..,(oB}g  DJ  where  for  isisn,  oi  is  an  S- 
constant  that  appears  in  C  and  D{  is  a  non-empty  subset  of  D.  We  call  ‘A’,  ‘Blt...,Bm’  and  Tt’,  respec¬ 
tively,  the  head,  the  body,  and  the  domain  specification  of  the  extended  program  clause.  D,  is  called  the 
range  of  o)  in  R.  If  there  is  no  S-constant  in  a  clause,  then  R =0. 

•  A  program  P  is  a  set  of  extended  program  clauses  that  satisfy  the  following:  if  an  S-constant,  a,  appears 

in  two  different  clauses,  (QiR,)  and  (C2^2),  then  a  has  the  same  range  in  Rt  and  R2.  Let  this  range  be 
r^  We  say  r„  is  the  range  of  a  in  program  P.  We  will  also  call  ra  the  initial  range  of  a.  ■ 
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Example  1.1 

Let  ot  and  <j2  be  two  S-constants  and  P  be  a  program  with  the  following  extended  program  clauses: 


(Faiher(a,John):{{<Ti}g  {Mike.SmithJoe}})  (E1.1.1) 

(Father(Paul, <*!);{  (Ci)g  (Mike,Smuh,Joe)})  (El. 1.2) 

(Father(a2rIones);{{a2)  g  (Dave,Mike,Smith}})  (El  .1 .3) 

(Faiher(DaveJ>aul):0)  (El.  1.4) 

(Sib(x,y)  <-  Fatheifcx),Faiher(z,y);0)  (E1.1 .5) 

Note  that  0\  has  the  range  {Mike.SmithJoe},  and  o2  the  range  {Dave,Mike,Smith}.  This  means  that 
the  possible  values  of  are  Mike,  Smith  or  Joe  and  those  of  o2  are  Dave,  Mike  or  Smith.  ■ 

Informally,  (El  .1.1)  and  (El  .1 .2)  together  specify  that  someone,  represented  here  by  ai,  is  both  the  father 
of  John  and  the  son  of  Paul,  and  the  domain  specifications  say  that  this  "someone*  can  only  be  Mike,  Smith 


or  Joe.  On  the  other  hand,  (El.  1.3)  says  that  someone,  represented  by  o2,  is  the  father  of  Jones,  and  the 
domain  specification  restricts  his  identity  to  Dave,  Mike  or  Smith.  (El. 1.4)  is  an  assertion  that  Dave  is  the 
father  of  Paul  with  no  conditions  associated  with  the  statement. 

There  are  two  things  to  note.  The  first  is  that  the  "meaning"  of  ax  is  determined  by  all  the  assertions 
that  contain  oj,  i.e.  (El .1.1)  and  (El. 1.2).  The  second  is  that  although  <xt  and  o2  are  two  different  S- 
constants,  they  may  in  fact  be  the  same  person  since  there  are  common  elements,  namely  Mike  and 
Smith,  in  their  ranges.  However,  the  information  contained  in  the  program  is  not  sufficient  to  determine 
this  equality  one  way  or  the  other.  We  will  formalize  this  discussion  about  the  meaning  of  S-constants  in 
later  sections. 

Next,  we  define  the  notion  of  a  substitution  as  follows: 

Definition  D1.3  ( Substitution )  Let  there  be  an  arbitrary  ordering  of  S-constants  so  that  they  are 
represented  by  at,  a2  ....  etc,  where  <t4< a-  iff  i<j.  A  substitution  6  is  a  finite  set  of  the  form  {t1/v1,„.,tB/va}, 
where  each  v;  is  either  a  variable  or  an  S-constant,  and  vvj  for  i*j.  Each  \  does  not  appear  in  the 
corresponding  tj.  Also,  if  ^  is  a  variable,  then  tj  is  an  arbitrary  term,  and  if  v;  is  an  S-constant,  say  <rm.  then 
ti  can  only  be  either  a  (normal)  constant  or  another  S-constant  <ja  such  that  om< cr„.  The  special  substitu¬ 
tion  e={).  is  called  the  identity  substitution. 

The  application  of  a  substitution  0  to  a  formula  (or  a  term)  H,  written  as  H0,  is  the  formula  (term)  obtained 
by  simultaneously  replacing  all  the  v^s  in  H  by  their  corresponding  tj's.  ■ 

The  reason  for  imposing  an  arbitrary  ordering  on  the  S-constants  will  be  made  clear  in  the  next  section. 

In  the  above  definition,  we  do  not  allow  substitutions  of  the  form  (t/o)  where  o  is  an  S-constant  and  t 
is  a  functional  term  other  than  a  constant.  This  is  because  we  consider  function  symbols  to  be  distinct  from 
constants,  and  since  S-constants  only  have  constants  as  their  values,  we  do  not  consider  S-constants  to 
be  replaceable  by  functional  terms. 

Composition  of  substitutions  is  defined  in  the  usual  way. 

Definition  D1.4  (Composition  of  Substitutions)  Let  0  « {s1/u1,...,stn/um}  and  p  ■  {t1/v1,...,tn/vn)  be  substitutions. 

The  composition,  0p,  of  0  and  p  is  the  substitution  obtained  from  the  set  {sip/uI,...,smp/ura,ti/v1 . tJvB}  by 

deleting  any  item  SjpAii  for  which  Ui=Sjp  and  deleting  any  item  t/vj  for  which  vj  e  {u, . Um) .  ■ 

2.  Model  Semantics 

For  logic  programs  without  null  values,  the  Herbrand  Base  of  a  program  is  an  integral  part  of  their  declara¬ 
tive  semantics.  Therefore,  in  order  to  define  a  formal  semantics  for  logic  programs  with  null  values  we 
extend  the  classical  Herbrand  Base  to  include  S-constants. 

2.1.  Herbrand  Base  with  Null  Values 

First,  we  have  the  following  straightforward  extension  to  the  Herbrand  Base: 

Definition  D2.1  ( Null-Extended  Herbrand  Universe  and  Quasi  Herbrand  Base )  Let  P  be  a  program,  and  £  be 
the  set  of  S-constants  in  P. 
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•  The  Herbrand  Universe  with  null  values  NUP  is  the  set  of  all  ground  terms  that  can  be  formed  from  con¬ 
stants,  S-constants,  and  functions  appearing  in  P.  If  no  constant  appears  in  P  then  we  add  an  arbitrary 
constant,  say  a,  to  form  ground  terms. 

•  The  ftttwi-Herbrand  Base  qHB(P)  is  the  set 

{ |  P  is  an  n-ary  predicate  symbol  in  P  .q,  i=l, — n,  are  elements  in  NUP}  ■ 

We  note  that  when  there  is  no  S-constant,  i.e.  £=0,  the  quasi  Herbrand  Base  reduces  to  the  (classical) 
Herbrand  Base. 

The  quasi  Herbrand  Base  alone  is  not  adequate  for  our  purpose  because  it  contains  no  information 
about  the  incompleteness  of  the  S-constants.  The  following  example  illustrates  what  additional  informa¬ 
tion  we  need  by  showing  how  we  might  want  to  respond  to  queries  on  a  program  containing  such  informa¬ 
tion.  it  exemplifies  the  kind  of  information  we  want  to  derive  from  a  program. 

Example  2.1 

Consider  the  program  in  Example  1 .1 ,  which  consists  of  the  following: 

(Father^  John) :  { {Oj }  s  {Mike,SmithJoe}}) 

(Faiher(Paal,a,);{{<y1)£  {Mike,SmithJoe}}) 

(Father(<r2,George);{{<x2}£  (Dave,Mikc .Smith}}) 

(Father(Dave  JPaul) ;  0) 

(Sib(x,y)  <—  Father(z,x),Father(z,y) ;  0) 

where  at  and  <r2  are  S-constants. 

In  order  for  George  and  Paul  to  be  siblings,  a2  must  be  equal  to  Dave.  This  is  possible  since 
Dave  is  in  the  range  of  a2.  On  the  other  hand,  for  John  and  Paul  to  be  siblings,  has  to  be  Dave. 
However,  this  is  in  conflict  with  the  information  in  the  program  since  the  range  of  ct,  specifies  that  it 
can  only  be  one  of  Mike,  Smith  or  Joe.  Now  consider  John  and  George.  In  order  for  them  to  be 
siblings,  ct,  and  <r2  must  have  the  same  value(S).  This  is  possible  since  there  are  common  ele¬ 
ments.  Mike  and  Smith,  in  their  ranges.  ■ 

The  first  two  queries  in  the  above  example  involve  restricting  the  range  of  an  S-constant  to  a  single  ele¬ 
ment;  while  the  third  one  requires  that  we  reconcile  the  values  of  two  S-constants. 

None  of  these  queries  can  be  answered  with  a  definite  "yes"  or  "no",  even  though  none  of  them  con¬ 
tains  any  S-constant.  The  restrictions  we  obtained,  i.e.  "Oj * Dave"  or  "<Ji=o2",  must  be  recorded  somehow 
so  as  to  give  a  proper  answer.  That  is,  John  and  Paul  are  siblings  if  <r,  is  Dave,  and  John  and  George  are 
siblings  if  at  is  the  same  as  <j2.  Another  reason  for  recording  these  restrictions  which  may  not  be  apparent 
from  the  above  example  is  that  we  may  need  them  in  further  derivations. 

Example  2.2 

Let  us  add  the  extended  program  clause  "(SR(x,y,u,v)«-Father(x,y),Sib(u.v);0)"  to  the  program  in 
the  above  example.  Then  in  order  for  SR(Paul,MikeJohn,George)  to  be  true,  Paul  must  be  the  father 
of  Mike  and  John  must  be  a  sibling  of  George.  As  we  see  in  the  above  example,  John  and  George 
are  siblings  under  the  condition  that  ots  c2.  On  the  other  hand,  for  Paul  to  be  Mike’s  father,  ot  must 
be  Mike  (by  (E2.1.2)).  Therefore,  the  tuple  (Paul .Mikejohn, George)  satisfies  the  relation  SR  if  both 
of  these  conditions  are  true,  i.e.  a, = 02  and  at = Mike. 

Similarly,  for  the  tuple  (Paul JoeJohn.George)  to  be  in  relation  SR,  Paul  must  be  the  father  of  Joe 
and  John  must  be  a  sibling  of  George.  As  before,  for  Sib(John,George)  to  be  true,  must  be  equal  to 
o2  while  for  Father(Paul  Joe)  to  be  true,  Ci  must  be  Joe.  Here,  however,  we  see  that  the  condition 
ai^a2  a  Oi=Joe  can  not  be  satisfied,  because  <jj =<j2  implies  that  both  <j,  and  a2  can  only  be  either 
Mike  or  Smith,  therefore,  although  Joe  is  in  the  original  range  of  o,,  the  condition  oj =o2  precludes  it 
from  the  values  a,  can  take.  ■ 

This  example  illustrates  two  points.  First,  we  must  record  the  conditions  necessary  to  derive  an  answer, 
e.g.  the  condition  a{=a2  for  deriving  Sib(John,George).  In  addition,  we  must  also  record  how  these  condi¬ 
tions  restrict  the  ranges  of  the  S-constants  involved  in  order  to  detect  an  unsatisfiable  condition. 

To  achieve  this,  we  generalize  the  domain  specifications  attached  to  program  clauses  such  that  to 
each  ground  atoms  in  the  quasi-Herbrand  base  of  a  program,  we  attach  a  set  of  specifications  of  the  form 
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Sg  V ,  where  S  is  a  set  of  S-constants,  and  V  is  a  non-empty  set  of  (normal)  constants.  Sg  V  represents 
the  condition  that  all  the  S-constants  in  S  are  equal  to  one  another,  and  V  is  the  set  of  common  values 
they  can  take. 

For  instance,  in  the  example  concerning  SR(Paul.MikeJohn, George),  the  set  of  specifications  attached 
to  the  atom  Father(Paul,Mike)  would  be  { (Oi)g  (Mike) },  which  means  that  ot  can  only  take  the  value  Mike, 
and  the  specification  attached  to  Sib(John,George)  would  be  ( (01,02)  g  (Mike.Smith) },  meaning  that  ot  and 
o2  must  have  the  same  values  and  these  values  can  only  be  either  Mike  or  Smith.  The  specification 
attached  to  SR(PaulJMikeJohn,George)  should  be  { (oi,o2)  g  (Mike) }.  Similarly,  the  specification  attached 
to  Father(PaulJoe)  would  be  { (o,)  g  (Joe) }.  We  see  that  there  are  no  values  that  o,  can  take  to  satisfy 
both  this  specification  and  the  one  attached  to  Sib(John,George).  Therefore  the  two  conditions  are  not 
reconcilable. 

Formally,  we  have 

Definition  D2.2  ( Assignment )  Let  P  be  a  program.  Let  I  -  (o^.oj  be  the  set  of  S-constants  in  P.  D  be 
the  set  of  constants  in  P,  and  the  range  of  os  in  P  be  rft. 

An  assignment  is  a  set  of  the  form  (Sig  V^..,SBg  VJ  where  S{q1  and  V^D  for  liisn,  and  SinSj=0 
for  l£i.j^n,  i*j.  We  also  define  1  as  a  special  assignment. 

An  assignment  w  is  strict  if  it  does  not  contain  elements  of  the  form  (a)  g  r^  where  a  is  any  S-constant, 
and  if  it  satisfies  the  condition  that,  for  lsi^m,  V5c  P  ra- 

am  S, 

The  range  of  an  S-constant  a  in  an  assignment  w,  written  as  Ran(a.w),  and  the  class  of  o  in  w,  written  as 
CIa(or.w),  are  defined  as  follows: 

For  the  special  assignment  1,  Cla(arj.)=0,  and  Ran(oJL)=0.  For  all  other  assignment  w,  if  there  is 
an  element  Sg  V  in  w  such  that  a  is  a  member  of  S,  then  Ran(<j,w)= V,  and  Cla(a,w)=S,  otherwise 
Ran(cr,w) = r0,  CIa(a,w) = (a).  ■ 

Two  things  to  note  about  this  definition.  The  first  is  that  the  special  assignment  ±  is  used  to  represent  the 
case  when  we  have  an  unsatisfiabie  condition.  The  second  is  that  a  domain  specification  is  an  assignment 
but  not  a  strict  assignment.  Intuitively,  an  element  of  the  form  (a)  g  ra  merely  expresses  the  initial  con¬ 
straint  on  the  S-constant  a  specified  in  the  program,  i.e.  that  a  has  range  ra  and  that  whether  o  is  identical 
to  any  other  S-constant  is  unknown.  A  strict  assignment  is  one  that  does  not  contain  such  redundant 
information. 

Example  2.3 

Consider  the  program  in  example  2.1 : 

(Father(ai,John);{ {<Ti)£  {Mike,SmithJoe}}) 

(Faiher(PauLai);{tei}  S  (Mike^mithjoc)}) 

(Father(02,George);{{<J2)s  [Dave,Mike  .Smith}}) 

(FaihafDavcJPaul) ;  0) 

(Sib(x,y)  <-  Father(z,x),Father(z,y) ;  0) 

where  ot  and  o2  are  S-constants. 

ui  -  (tei)s  (Mike}}  and  u2  -  (tei.^ls  (Smith}}  are  both  assignments.  Ran(Oi,uIMMike} 
and  Ran(a2,ui)=rCh=(Dave>Iike,Smith)  as  c2  does  not  appear  in  u,.  Cla(ai,ui)=(ai}  and 
Cla(a2,ui)={a2}.  On  the  other  hand,  Ran(a1,u2)=Ran(a2,u2)  *  {Smith}  and  Cla(CTl,u2Mna(<T2,u2)  ■ 
tei,^}.  ■ 

In  defining  a  program  with  null  values,  we  introduced  extended  program  clauses.  They  are  nothing  more 
than  ordered  pairs  of  Horn  clauses  and  domain  specifications.  Since  domain  specifications  are  a  special 
kind  of  assignments,  we  can  further  define  the  following  extensions: 

Definition  D2.3  ( Extended  Clauses  and  Extended  Goals)  Let  P  be  a  program  and  let  w  be  an  assignment. 
An  extended  clause  is  an  ordered  pair  (C;w)  where  C  is  a  clause.  An  extended  goal  is  an  extended  clause 
(C;w)  where  C  is  a  clause  with  no  positive  literals.  ■ 

We  now  define  how  to  combine  two  assignments,  which  is  used  to  record  the  conjunction  of  two  condi¬ 
tions. 
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Definition  D2.4  (Combining  Assignments)  Let  P  be  a  program.  Let  £  -  ,...,<!„}  be  the  set  of  S-constants 

in  P,  and  let  the  initial  range  of  oi  in  P  be  ra  for  l£i<m.  Let  w,  and  w2  be  assignments.  The  combination  of 
Wj  and  W2,  written  as  wiw2,  is  defined  inductively  as  follows: 

1 .  If  wi  or  w2  is  -L,  then  w1w2=l. 

2.  If  neither  w,  nor  w2  are  1  and  w,  (resp.  wj)  is  0,  then  w,w2  is  w2  (resp.  w,). 

3.  Let  wj={Sig  Vj}  and  w2={S2g  VJ.  If  S1nS2=0  then  wiwj=  wjuw2.  If  S1r\S2*0  and  V1nV2*0  then 
wtw2  ■  {SiuS2  g  Vin  VJ.  Otherwise  (Si and  VinV2=0),  wtw^=±. 

4. If  w,=  {S„g  Vn . S,pg  Vjp}  where  p>l,  then  w^itfvwj)  where  u  is  {S„g  Vn„..,Slp_,g  V,p_!}  and  v  is 

{S,pS  Vlp}. 

5.  If  w,=  {Sug  Vn},  and  {S21  g  V21,...,S2qg  V^}  where  q>l,  then  wiw^=(w!u)v  where  u  is  {S2l s  v21}  and 
v  is  (Sag  V22,...,S2qg  V^}. 

If  w i w2^  J.B  then  the  assignments  w!  and  w2  are  compatible,  otherwise,  they  are  incompatible.  ■ 

Example  2.4 

Let  £  be  {<rltcr2,Cj}.  and  rg=  {eXg},  r<*=  (f,gji],  r0=(g,h,i}.  Let  w1={  (ci,c2}  g  (f.g) . (a3)  g  {g} }.  and 
w2={  {cT2.cr3}  g  {gji} }.  We  want  to  calculate  wjw2.  According  to  4  above,  wjw^uCvwj)  where  u  is 
{{<*1.02)  £  (Lg)}  and  v  is  {(o3)  g  {g}}.  To  calculate  vw2,  we  use  3  above.  Since  {o3}  n  {cr2,<r3}*0, 
and  (g)  n  {g,h}={g}*0,  we  have  v'=vw2=  {(02.03)5  {g}}-  Similarly,  using  3  again,  we  have 
WiWf=  uv' -  {{CTi,Cr2,CT3]  g  (g}}.  ■ 

We  note  from  the  examples  at  the  beginning  of  this  subsection  that,  in  general,  any  condition  that  we  need 
to  record  can  be  seen  as  the  result  of  applying  a  sequence  of  substitutions  to  the  initial  constraints  speci¬ 
fied  in  the  program.  For  example,  the  substitution  {<V<r,}  results  in  the  condition  a^er^and  {Mike/ai}, 
results  in  the  condition  at=  Mike.This  suggests  that  applying  a  substitution  to  a  formula,  has  the  same 
effect  as  attaching  an  assignment  to  that  formula.  Therefore,  we  have  the  following  definitions: 

Definition  D2.5  (Substitutions  as  Assignments)  Let  P  be  a  program,  and  £  » {crt . aj  be  the  set  of  S- 

constants  in  P,  and  the  range  of  ct;  in  P  be  rtt.  Let  []A  be  a  mapping  from  substitutions  to  assignments. 
Then,  let  6  be  a  substitution,  the  assignment  [0]A  is  called  the  equivalent  assignment  of  0,  and  is  defined 
inductively  as: 

If  0  ■  e  ■  {}  is  the  identity  substitution:  [0]A=0 

If  0  —  {t/v},  where  v  is  a  variable:  [0]A=0 

If  0  *  {t/v},  where  v  is  an  S-constant  and  t  is  a  constant: 

If  ve  £  and  te  rv  then  [0]A  -  {vg  {t}}.  Otherwise,  [0]A=-L 
If  0  -  {i/v},  where  v  and  t  are  both  S-constants: 

If  ve  £,  te  £,  and  r/^r t*0  then  [0]A  -  {(v.t)  g  r/^rj.  Otherwise,  [0]A=±. 

If  0  -  {t1/vl,...,tn/vn}  where  n>l:  [0]A  -  [X]aIjj.]a  where  X  is  {tj/vJ  and  \i  is  {t2/v2,...,tn/vn} 

If  [0]A*±  then  we  say  that  0  is  applicable  (w.r.t.  P).  Otherwise,  it  is  inapplicable.  Also,  we  say  that  [0]A  is 
an  assignment  expressible  by  the  substitution  0.  ■ 

We  see  that  if  a  substitution  contains  no  substitutions  for  S-constant,  then  its  equivalent  assignment  is  0, 
which  essentially  represents  the  condition  "true",  i.e.  "no  additional  restriction  on  the  values  of  the  S- 
constants”.  The  reason  we  impose  an  ordering  on  the  S-constants  is  that  the  two  forms  of  substitutions 
{di/cjj}  and  {a/Oi}  both  express  the  condition  that  ox  and  o2  are  equal,  and  the  ordering  allows  us  to  con¬ 
sistently  choose  one  of  them.  Also,  we  note  that  given  a  substitution  0  if  [0]A*1  then  [0]A  is  strict. 

Example  2.5 

Let  £  be  {ai,<y2,c3},  and  r<*=  (eT,g),  r<*={f,g,h},  r<*={g,h,i}.  Consider  the  substitution 
0-{CTi/x,b/y,02/0l,g/a3}.  [9]a=&Ii3a[42]a[43]a[M4]a  where  m-i=(ct1/x},  P2={b/y},  and 

p*={g/a3).  Since  and  p2  are  all  variable  substitutions,  [Hi]a=[U2]a=0-  Also, 
f«^rai=(eT,g}n{g4i,i}={f,g}^i0,  hence  [p3]A=  {{oi,cx2}  g  {f,g}}.  And  since  gera„  (p4]A= 
{{cr3}  g  {g}}.  So,  [0]A=00{{al,o2}  g  (f,g}}  {{a3}  g  {g}} -  {{o^}  g  {f,g},{o3}  g  {g}}  ■ 

A  dual  of  the  above  mapping  is  the  following: 
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Definition  D2.6  ( Assignment  as  Substitution )  Let  [  ]s  be  a  mapping  from  strict  assignments  to  substitutions. 
Then,  let  w={S,  g  VB)  be  a  strict  assignment,  the  substitution  [w]s  is  called  the  equivalent  substitu¬ 

tion  for  w,  and  is  defined  inductively  as  follows: 

[0]s=e,  the  identity  substitution. 

V!  is  a  singleton  {c}  where  c  is  some  constant.  Then  [w]s={c/t|t€  Si)  u  [w-  (St£  VJfe 

V,  is  not  a  singleton,  and  Sj  is  the  set  (ou . a J,  where  ij<ik  for  j<k.  Then 

tw]s={oiyoi,|l<:j<m}u[w-{Sig  VjJJs  ■ 

In  the  above  definition,  since  SinSj=0  for  i*j,  the  order  in  which  we  convert  the  elements  in  an  assign¬ 
ment  w  is  irrelevant. 

Example  2.6 

Let  us  find  the  equivalent  substitution  for  the  assignment  in  the  previous  example. 
w-{(a,.a2}s  {f,g},{a3]g  {g}} 

[w]s  -  {orj/aj}  u  [{(<t3)  g  {g}}]s  =•  {o^ai}  u  {g/o3}  - 

■ 

Among  all  the  possible  assignments  that  we  can  form  using  the  S-constants  and  constants,  not  every  one 
is  expressible  by  a  substitution.  Notably,  any  assignment  w  that  contains  an  element  of  the  form  Sg  V, 
where  S  is  a  singleton,  say  {o},  and  V  is  the  set  ra  (i.e.  w  is  not  a  strict  assignment)  can  not  be  an 
equivalent  assignment  of  a  substitution.  To  see  this,  we  note  that  only  two  kinds  of  substitutions  would 
permit  an  S-constant,  or,  to  appear  in  an  equivalent  assignment,  namely,  substitution  of  a  by  a  constant,  c, 
or  by  another  S-constant,  t.  In  the  first  case,  V  would  become  (c),  and  in  the  second  case,  S  would  be 

In  defining  a  model  semantics  of  a  logic  program  with  null  values,  we  only  need  to  consider  assign¬ 
ments  that  are  expressible  by  substitutions: 

Definition  D2.7  ( Assignment  Universe)  Let  P  be  a  program.  The  assignment  universe  of  P  is  the  set 
{[0]A  |  0  is  applicable  w.r.t.  P }.  ■ 

From  now  on,  unless  specified  otherwise,  an  assignment  always  refers  to  one  that  is  in  the  assignment 
universe. 

Finally,  we  have  the  definition  of  the  Herbrand  Base  with  null  values: 

Definition  D2.8  ( Herbrand  Base  with  Null  Values )  Let  P  be  a  program,  qHB(P)  be  its  quasi-Herbrand 
Base,  and  W  be  its  assignment  universe. 

The  Herbrand  Base  with  null  values  for  program  P,  HBNV(P),  is  the  set  of  ordered-pairs  (A;w)  where 
Ae  qHB(P),  we  W. 

We  call  elements  in  HBNV(P)  (null-) extended  atoms.  m 

Note  that  tor  the  case  in  which  the  program  does  not  have  any  null  values,  i.e.  when  Z=  0 ,  no  substitution 
contains  S-constants.  and  therefore,  [0]A=0  for  all  applicable  substitutions  0.  w«{0}.  Also,  qHB  reduces 
to  the  classical  Herbrand  Base,  and  every  element  In  HBNV  is  of  the  form  (A;0).  Since  there  are  no  S- 
constants,  (A;  0)  represents  the  atom  A  without  any  condition  attached,  that  is,  HBNV  is  isomorphic  to  the 
classical  Herbrand  Base. 

Below  is  an  example  that  illustrates  some  of  the  definitions  in  this  section. 

Example  2.7 

Consider  the  program  P  which  contains  the  following : 

(F«Ti,e);{{a1)g  {e/,g}}) 

(F(o2,f) ;  { (o2)  g  (f,g4i)}) 

(S(x,y)  <-  F(z,x),F(z,y) ;  0) 

ThenNUpistheset{e/,gJi.<r1,o2}.  So, 

qHB(P)={F(e,e)J(eJ)^(e,g)J:(e^)^(e,cTI)J(e,a2)J(f,e),...^(f,a1)^(f,a2),..., 

F(<j,.e),....F(ai  >Oi)»F(Ci  ,a2)J;(cr2>e),...J:(CT2,a1)J:(a2,a2), 

S(e,e) . S(f,e) . S(a,,e) . S(c2,e) . S(a2,o^} 
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and  the  assignment  universe  is: 

W ={0,{{CTl}fi  [e}}.{{<T,}g  {0}.{{a.}£  {g}U(o2)fi  {f)}.{[o2}£  {g}}.{[<Ja)£  {h}>. 

{{di)g  {c},[c2}£  (f)}.{(Oi)£  [e],(a2}g  {g)}.[{0i}g  [e},{o2)g  [h}}. 

{{a,}g  {f}.(a2}g  (f}},{(a,}g  {f}.{a2}g  {g}}.{{oi)  g  {0.{ct2}£  {h}}. 

{(<Ti) £  {g}.{<T2}£  {f}}.{(<Ji}£  {g}.{<J2}g  (g}}.{(a,}g  [g],{a2)g  {h}}. 

{{<Ji.<J2}£  {f^}}.{{<Ti.<y2}£  {f}}.{{®i.cr2}£  {g}}} 

We  will  not  list  all  the  elements  of  HBNV(P)  here.  As  we  will  see  later,  some  of  the  elements  of 
HBNV(P)  that  will  be  in  the  'model*  of  the  program  are:  (F(a1(e);0),  (F(a2,f);0).  (S(c,e);0). 
(S(f,f);0), (S(e4);{  {c„a2}  g  {f.g} )), (S(f,e):{  {clta2}  g  {f.g} }).  ■ 

Given  an  atom  A  in  the  Herbrand  Base  of  a  definite  program  (without  null  values),  we  would  like  to  know 
whether  A  is  derivable  from  the  program.  Similarly,  given  an  extended  atom  (A;w)  in  the  HBNV  of  a  pro¬ 
gram  P,  we  would  like  to  know  whether  A  is  derivable  from  P  under  the  condition  represented  by  w.  We 
will  see  other  aspects  in  which  the  relationship  between  HBNV  and  programs  with  null  values  are  analo¬ 
gous  to  that  between  Herbrand  Base  and  definite  programs  without  null  values. 

2.2.  Unification 

Unification  will  be  a  basic  concept  used  in  subsequent  discussions.  First,  we  define  what  we  mean  by  a 
set  of  atoms  being  unifiable  when  they  contain  S-constants. 

Definition  D2.9  (Unifier  and  MGU)  A  set  of  atoms  T  -  {Alt...AJ  is  unifiable  if  there  is  a  substitution  9 
such  that  Ai9= AjG  for  i  j  Sn.  9  is  called  a  unifier  Of  T.  9  is  a  most  general  unifier  (mgu)  of  T,  if  for  each 
unifier  p  of  T,  there  is  a  substitution  p  such  that  p = 9p.  ■ 

Example  2.8 

Consider  the  set  {P(o,f(y)),P(b,x)}.  If  we  apply  the  substitution  p=  (f(a)/x,a/y.b/a)  to  the  two  atoms  in 
the  set,  then  they  both  become  P(b,f(a)).  Therefore,  p  is  a  unifier  for  the  set.  However,  p  is  not  a 
most  general  unifier.  An  example  of  an  mgu  for  this  set  is  9*  {f(y)/x,b/a}.  Note  that  p=9{a/y) .  ■ 

Unifiers  for  extended  atoms  can  now  be  defined. 

Definition  D2.10  ( Unifiers  for  Extended  Atoms )  A  set  of  extended  atoms  T  « {(Af.ui) . (An;un)}  is  unifiable 

if  there  is  a  substitution  9  such  that  9  is  a  unifier  of  the  set  of  atoms  t  -  (A[ . AJ  and  [9]Aui...Un*.L.  9  is 

called  a  unifier  of  T.  A  unifier  9  of  T  is  an  mgu  iff  9  is  an  mgu  of  t.  ■ 

Example  2.9 

{(P(g(<*i)i(y)):{{<Ji)£  {a.b,c)}),(P(g(o2)pc);{(o2)g  {b,c,d}})}  is  unifiable  with  the  mgu  9=  (fOO/x.crycri), 
since  [9]A[[cri}g  [a.b,c}}{{a2}g  {c4,e}}  -  {{<Ji.o2}g  {c)}*±. 

On  the  other  hand,  {(P(<ii,f(y));{{(r1)  g  [a,b,c}}),(P(a2,x);{{o2}g  {e£g.}})}  is  not  unifiable  since 
[9M {<Tt )  g  (a,b,c) ){ [a2]  g  {e/,g)  }=±.  ■ 

The  unification  algorithm  for  atoms  without  S-constants  can  be  adapted  to  handle  S-constants.  First,  we 
need  some  definitions  ([10]). 

Definition  D2.1 1  ( Term  Equations  and  Solutions ) 

A  term  equation  is  an  equation  of  the  form  s=t  where  s  and  t  are  terms. 

A  substitution  9  is  called  a  unifier  of  a  term  equation  s=t  iff  s0  and  t9  are  identical.  A  substitution  9  is  called 
a  unifier  of  a  set  of  term  equations  S  iff  9  is  a  unifier  of  every  term  equation  in  S. 

Two  sets  of  term  equations  are  called  equivalent  iff  they  have  the  same  unifiers. 

A  (possibly  empty)  set  of  term  equations  is  called  solved  iff  it  is  of  the  form  (vI=t1 . v0=tj ,  where  vfs  are 

distinct  variables  or  S-constants,  and  none  of  them  occurs  in  a  term  tj.  Also,  if  v;  is  an  S-constant,  then  ^  is 
either  another  S-constant  or  a  constant.  ■ 

A  solved  set  of  term  equations  (vl=tl,...,vn=tn]  determines  a  unique  substitution  {ixN\ . to/vB}.  Clearly,  this 

substitution  is  a  most  general  unifier  of  the  set  of  equations.  In  order  for  two  atoms  to  be  unifiable,  they 

must  have  the  same  predicate  symbol.  Finding  the  mgu  of  two  atoms,  P(si,...4a)  and  P(t: . tj  is  the  same 

as  finding  the  mgu  of  the  set  of  term  equations  Si  =  tj, . . . ,  s„= 

The  following  unification  algorithm  is  adapted  from  [10]. 
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UNIFICATION  ALGORITHM 

Non-deterministically  choose  from  the  set  of  equations  an  equation  of  a  form  below  and  perform  the 
associated  action.  (In  the  following,  f  and  g  are  two  different  function  symbols,  c  and  d  are  two  dif¬ 
ferent  constants,  v  is  either  a  variable  or  an  S-constant,  and  all  the  others  are  terms.) 

(1)  f(S|,...tsB)=f(t, . Q  : 

replace  by  the  equation  st = tl,.„rsn=t0 

(2)  c=d  or  f(,....,sn)=g(tl^..,tB) : 

halt  with  failure. 

(3)  c=c  or  v= v  : 

delete  the  equation 

(4)  t= v  where  t  is  neither  a  variable  nor  an  S-constant : 

replace  by  the  equation  v=t 

(5)  t=v  where  t  is  an  S-constant  and  v  is  a  variable: 

replace  by  the  equation  v=t 

(6)  v= t  where  v  is  different  from  t,  and  v  has  another  occurrence  in  the  set  of  equations : 

if  v  appears  in  t  then  halt  with  failure 

if  v  is  an  S-constant  and  t  is  neither  a  constant  nor  an  S-constant  then  halt  with  failure 
if  v  is  the  S-oonstant  and  t  is  the  S-constant  oj  and  i>j,  then  replace  by  the  equation  t=v 
otherwise  perform  the  substitution  {t/v}  in  every  other  equation 

Example  2.10 

To  find  the  mgu  of  the  two  atoms  P(g(oOT(y))  and  P(g(a2),x)  we  solve  the  set  of  equations 
{g(<Ji)=g(<J2)T(y)=x}. 

1.  Choosing  the  first  equation  and  using  (1)  above,  we  replace  it  by  the  equation  ct1=ct2. 

2.  By  using  (4)  above,  we  replace  the  second  equation  by  x=f(y). 

3.  The  set  of  equations  is  now  {cti =<i2^=f(y)},  and  it  is  solved. 

The  corresponding  mgu  is  {o^to  jf(y)/x}.  ■ 

It  is  easy  to  augment  the  proof  in  [10]  to  show  that  the  following  theorem  is  true. 

Theorem  T2.1  ( Unification  Theorem)  Let  T  be  a  finite  set  of  term  equations.  If  T  is  solvable,  then  the  unifi¬ 
cation  algorithm  terminates  and  gives  an  mgu  for  T.  If  T  is  not  solvable,  then  the  unification  algorithm  ter¬ 
minates  and  reports  this  fact. 

Proof: 

As  far  as  the  unification  algorithm  is  concerned,  S-constants  are  identical  to  variables  except  for, 

(a)  the  ordering  among  the  S-constants,  and  (b)  the  requirement  that  an  S-constant  be  unified  only 
with  S-constants  or  constants.  In  the  proof  of  the  original  algorithm,  the  order  of  the  variables  is  not 
important.  Also,  since  we  define  substitution  such  that  an  S-constant  can  only  be  substituted  by 
either  an  S-constant  or  a  constant,  point  (b)  is  exactly  what  is  needed  to  make  the  mgu  produced 
by  the  algorithm  a  proper  substitution.  Therefore,  the  proof  holds  for  our  modified  algorithm  regard¬ 
less  of  the  presence  of  S-constants.  O.E.D. 

2.3.  State  and  Model  State 

A  program  with  null  values  can  be  viewed  as  a  compact  way  of  representing  a  set  of  possible  worlds.  For 
instance,  if  P  has  the  following  extended  program  clauses:  (P(<Ti);{{a,)g  (a,b)}),  (c.d))). 

and  (R(e) ;  0);  which  means  that  either  a  or  b  is  in  relation  P,  either  c  or  d  is  in  relation  Q,  and  e  is  in  relation 
R.  We  can  view  P  as  representing  the  four  possible  worlds:  P, :  {P(a),Q(c),R(e)},  P2:  (P(a),Q(d)JFt(e)}, 
P3:  (P(b),Q(c),R(e)},  P4:  {P(b),Q(d),R(e)}.  These  are  obtained  from  P  by  assigning  to  each  null  value  one  of 
the  constant  in  the  range  of  the  null  value.  Each  possible  world  can  therefore  be  identified  with  a  particular 
substitution.  For  instance,  P,  can  be  identified  with  the  substitution  "a  for  ax  and  c  for  a2",  and  P2  the  sub¬ 
stitution  "a  for  <Ji  and  d  for  a2\  etc. 

This  above  discussion  motivates  the  following  definitions. 
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Definition  D2.12  ( S-Mapping )  Let  P  be  a  program,  and  let  E=»(ot . oB}  be  the  set  of  S-constants  appear¬ 

ing  in  P  and  D  be  the  set  of  constants  appearing  in  P.  A  function  V  from  E  to  D  is  an  S-mapping  iff  V  maps 
each  element  <*  of  E  to  a  constant  in  the  initial  range  of  ay  We  write  an  S-mapping  V  as  a  set  of  values 
to  represent  the  fact  that  V(o,)=ai,  V(o2>=a2 . ■ 

Definition  D2.13  ( S-Mapping  Substitution  and  Possible  Worlds)  Let  P  be  a  program  and  E  be  the  set  of  S- 
constants  appearing  in  P.  Let  V  be  an  S-mapping,  then  the  substitution  corresponding  to  an  S-mapping  V  is 
the  substitution  {V(oi)/alf_.,V(aJ/c,J,  usually  written  as  py. 

Let  S  be  a  set  of  extended  clauses,  the  image  of  S  in  the  S-mapping  V,  written  as  Sv,  is  the  set  of  first 
order  formula:  {Rpvl  (R;w)e  S  Aw[pvU*±}  The  possible  world  represented  by  P  and  the  S-mapping  V.  is 
the  image  of  P  in  V,  Pv.  ■ 

In  a  program  without  null  values,  any  subset  of  the  Herbrand  base  is  a  Herbrand  interpretation  of  the  pro¬ 
gram.  Subsets  of  the  HBNV  can  play  a  similar  role  if  we  extend  the  notion  of  possible  world  to  these  sub¬ 
sets.  Consider  a  subset,  I,  of  HBNV.  An  element,  (A;w),  in  I  represents  the  atom  A  with  the  condition  w. 
To  compute  the  image  of  this  element  in  a  possible  world  represented  by  the  S-mapping  V,  we  first  see 
whether  w  is  satisfied  in  this  world  (i.e.  whether  w[pv]A  is  1).  If  it  is  satisfied  (w[pv]A*l)  then  the  image  is 
Apv,  otherwise,  the  element  has  no  counterpart  in  this  particular  world.  The  image  of  I  itself  is  simply  the 
collection  of  the  images  of  all  the  elements  in  I,  which  is  the  set  {Apvl  (A;w)e  Iaw[pv]a*±}.  We  see  that 
this  image  is  a  set  of  ground  atoms,  and  can  therefore  sen/e  as  a  Herbrand  interpretation  for  the  program 
Pv. 

For  example,  consider  the  program  P: 

(a,b}}> 

(Q(<T2):{{<T2}fi  {c,d}}) 

(R(e);0) 

(S(x,y)<— P(x),Q(y);0) 

Now  consider  the  following  subset  I  of  H8NV(P): 

{ (P(a);0),(Q(c);{ {cr2}  g  (c]}),(Q(<l);{{o2}  g  {d}}) } 

As  before,  there  are  four  possible  S-mappings,  namely,  V,  -  {a,c},  V2  -  {a4}.  V3  -  {b.c},  and  V4  -  {b,d}. 
The  image  of  P  in  v,,  PVi>  contains  the  four  definite  clauses  (P(a),Q(c)>R(e).S(x,y)«-P(x),Q(y)}.  And,  the 
image  of  I  in  V,  is  {P(a),Q(c)}.  If  we  treat  this  as  a  Herbrand  interpretation,  then  the  only  atoms  that  evalu¬ 
ate  to  true  in  this  interpretation  are  P(a)  and  Q(c).  Therefore,  the  four  clauses  in  Pv  have  truth  values 
w.r.t.  I,  “true”,  "true",  "false",  and  "false"  respectively.  On  the  other  hand,  in  v4,  the  image  of  I  is 
(P(c).Q(d)}.  Hence,  the  four  clauses  in  Py4>  i.e.  (P(b),Q(d),R(e),  S(x,y)*-P(x),Q(y)},  have  truth  values 
*false",“true",  "false",  and  "false”.  In  fact,  it  is  easy  to  see  that,  with  respect  to  I,  the  second  clause  in  P  has 
truth  value  "true"  in  ail  four  possible  worlds,  and  the  third  and  forth  clauses  are  always  false,  while  the  first 
clause  is  true  in  v,  and  V2  and  false  in  v3  and  V4. 

The  following  definition  is  a  natural  outcome  of  this  discussion. 

Definition  D2.14  (States)  Let  P  be  a  program,  V  be  an  S-mapping,  and  S  be  a  subset  of  HBNV(P).  Let 
(C;w)  be  an  extended  clause  such  that  w[pv]A*±,  then  the  value  of  (C;w)in  V  w.r.t.  S  is  the  Herbrand 
interpretation  of  Cpy  w.r.t.  the  set  Sv.  S  is  a  state  of  P  iff  for  every  extended  clause  (C;  w)  in  P,  (C;  w)  has 
the  same  value  w.r.t.  S  in  every  S-mapping.  ■ 

It  is  easy  to  see  that  if  w  is  a  domain  specification,  then  w[py]A*±  for  any  S-mapping  V.  Therefore,  every 
extended  program  clause  in  a  program  has  a  value  in  every  S-mapping  w.r.t.  every  subset  of  HBNV(P).  A 
state,  then,  is  just  a  collection  of  "consistent”  interpretations.  By  this  we  mean  that  a  clause  is  interpreted 
consistently  in  every  possible  world,  i.e.  we  do  not  want  to  have  a  clause  being  interpreted  as  "true"  under 
one  S-mapping  while  interpreted  as  "false"  under  another  S-mapping. 

For  instance,  the  subset  I  in  the  previous  discussion  is  not  a  state,  but  the  set  {(Q(c);{  {cr2}  s  (c) }), 
(Q(d);{  (o2)  g  (d) })}  is  a  state,  as  well  as  the  set  {(P(Oi);0),  (Q(c);{  {a2}  g  {c} }),  (Q(d);{  {a2}  g  {d} })}. 

The  definition  of  state  has  a  shortcoming  which  is  inherent  in  the  format  of  extended  Herbrand  base:  two 
apparently  different  subsets  of  HBNV  can  represent  the  same  state,  i.e.  they  have  the  same  image  in  all 
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S-mappings.  For  instance,  let  us  continue  our  previous  example,  where  the  S-mappings  are  V,  -  {a,c},  V2 
-  {a,d},  V3  -  {b,c},  and  V4  -  {b,d},  and  consider  the  two  sets  Ij  -  {(P(a);{  (c^  g  {a}  }),(P(b);{  {a,}  g  (b) })}  and 
I2 »  {(P(CTi);0)}.  Although  they  look  quite  different,  their  "image"  in  every  S-mapping  is  the  same,  i.e.  both 
are  {P(a)}  in  V!  and  V2,  and  both  are  {P(b)}  in  V3  and  V4.  Therefore,  there  is  no  practical  difference 
between  the  two. 

To  deal  with  this  shortcoming,  we  define  the  following  relation 

Definition  D2.15  ( Equivalence  Relation  for  States )  Let  P  be  a  program  and  let  S  and  T  be  two  subsets  of 
HBNV(P).  We  say  that  S  and  T  are  equivalent,  written  as  S^T,  iff  for  every  S-mapping  V,  Sy=Tv.  ■ 

It  is  obvious  that  ^  is  an  equivalence  relation.  Similar  to  the  definition  of  Herbrand  models,  we  have  the 
following. 

Definition  D2.16  {Model  State)  Let  P  be  a  program  and  I  be  a  state  of  P.  I  is  a  model  state  of  an  extended 
clause  (C;  w)  iff  for  every  S-mapping  V,  if  w[pv]A*±  then  Iv  is  a  Herbrand  model  of  Cpv-  I  is  a  model  state 
of  P  iff  I  is  a  model  state  of  every  extended  clause  in  P,  and  for  every  state  J  such  that  J  I,  Jd.  ■ 

The  last  condition  in  the  above  definition  can  be  understood  in  another  way.  Since  is  an  equivalence 
relation,  the  set  of  all  the  states  can  be  divided  into  equivalence  classes.  Given  any  state  I,  suppose  that  I 
belongs  to  the  equivalence  class  E,  then  it  is  easy  to  see  that  the  union  of  all  the  elements  in  E  is  itself  a 

state,  and  moreover,  this  union  is  also  equivalent  to  I  and  hence  also  a  member  of  E.  That  is,  (LJJ)*_I, 

;«e 

and  hence  (LJJ)  e  E.  Let  us  call  this  union  M.  From  the  definition  of  model  state  of  extended  clauses,  if  I 

J«E 

is  the  model  state  of  an  extended  clause,  then  every  member  in  E  is  also  a  model  state  of  that  clause. 
Therefore,  if  I  is  a  model  state  of  all  the  extended  clauses  in  a  program  P,  then  so  is  M,  and  since  all  other 
states  in  E  are  subsets  of  M,  M  is  a  model  state  of  P. 

The  following  proposition  concerns  the  existence  of  such  a  model  state. 

Proposition  P2.1  Let  P  be  a  program,  and  let  Vt,...,Vft  be  all  the  possible  S-mappings.  If  Mi,...,Mb  are 

Herbrand  models  of  PVi . Py^,  respectively,  then  there  exists  a  unique  model  state  S  of  P  such  that 

Sv,=M1  ,...,  Sv=M„- 

Proof: 

We  prove  this  by  constructing  S.  Let  l{  be  the  set  {(A;[pvJa)  I  Ae  MJ,  then  the  image  of  Jj  in  Wi  is 
exactly  the  set  M*.  Let  J  be  the  set  KJ  J;,  then  J  is  a  subset  of  HBNV(P)  and  J  is  a  model  state  for 

ISSn 

every  extended  clause  in  P.  Therefore,  the  set  S  »  KJ  K  is  a  model  state  of  P.  Also,  S  is  unique, 

K«»T 

since  for  any  other  state  S' .  if  Sy=Mi  then  S'  ■„  J  and  hence  S'  c  S.  Q.E.D. 

Next,  we  introduce  the  concept  of  a  minimal  model  state.  Given  a  program  P,  for  any  S-mapping  V,  Py  is 
a  definite  program.  Hence  for  each  V,  Pv  has  a  unique  least  model.  By  proposition  P2.1,  there  is  a 
unique  model  state  whose  image  in  V  is  this  least  model. 

Furthermore,  as  we  see  below,  just  as  in  the  case  of  definite  programs,  this  model  state  is  the  inter¬ 
section  of  all  model  states  of  P. 

Proposition  P2.2  {Least  Model  State )  Let  P  be  a  program  with  null  values.  There  is  a  unique  model  state  S 
of  P  such  that  Sv  is  the  least  Herbrand  model  of  Pv  for  any  S-mapping  V.  Furthermore,  S=P»{K|K  is  a 
model  state  of  P}. 

Proof: 

Let  Vt . V„  be  all  the  S-mappings  and  let  M*  be  the  least  model  in  Vt.  From  proposition  P2.2  we 

know  that  there  is  a  unique  model  state  S  such  that  Sv=Mi  for  lsi^n.  Let  S'=Pi{K|K  is  a  model 
state  of  P] .  We  need  to  prove  that  S=S' . 

Since  S  is  a  model  state  of  P,  Sv,=Pi{KVl  I K  is  a  model  state}  cSv=Mj-  On  the  other  hand,  since  Mj 
is  the  least  Herbrand  model  of  Pv.  and  KV|  are  all  Herbrand  models  of  Pv ,  HcSv,.  Therefore, 

Sv,=  Mv,  and  hence  S'  S,  so  S' cS.‘ 

For  any  model  state  K,  K  can  be  constructed  from  the  Herbrand  models  KV| .....  Kv.  as  seen  in  the 
proof  of  proposition  P2.2.  Sv=MiCKv,  for  lsisn.  Let  D;  be  Kv,-Mj.  Then  for  any  J  such  that  J^S, 
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the  set  Ju(  LJ  ((A^PiIa)  |  A  e  D^)  is  equivalent  to  K.  Therefore,  J  c  K,  and  since  S  is  the  union  of  all 

ISiSa 

suchJ,  ScK.  Hence  Sc/^{K|K  is  a  model  state},  i.e.ScS'.  Q.E.D. 

Example  2.11 

Consider  the  following  program  P: 

(F(Oi,e);{{<x,}g  {e£g}}) 

(F(o2,f);{{<T2}g  tf.g^i}}) 

(S(x,y)  <-  F(zj.)JF(z,y) ;  0) 

It  is  easy  to  see  that  the  state 

M=  { (F(at,e);  0),(F(a2J);  0),(S(e,e);  0),(S(f,f);  0). 

(S(e,f);{  {alfa2}  g  (f.g)  }).(S(f.e);{  [c,,a2}  g  {f,g} }) } 

is  a  model  state  of  all  the  extended  clauses  in  P.  For  instance,  consider  the  S-mapping  Vj=  {e,f}. 
PV[  -  {F(e,e),  F(f,f),  s(x,y)  *-  F(z,x),F(z,y)}  and  MVl  -  {F(e,e)  ,F(f,f),S(e,e),S(f,f)}  which  is  a  Herbrand 
model  of  Pv  .  Furthermore,  we  see  that  if  we  remove  any  element  from  Mv,  then  it  is  no  longer  a 
model  of  PVi>  i.e.  MV|  is  the  least  model  of  PVi.  This  result  applies  to  all  other  eight  S-mappings. 
Therefore,  we  can  conclude  that  the  largest  equivalent  state  of  M  is  the  least  model  state  of  P.  The 
part  of  this  model  state  that  is  equivalent  to  the  extended  atom  (F(cri,e);0)  is  shown  in  Fig.  1 .  ■ 


{  (F(a1,e);0),(F(e,e);{  (cnJg  {e}  }).(F(f,e);{  {<r,}  g  {f}  }),(F(g ,e);{  {a,}  g  {g} }). 
(F(a1>e);{  {cr2}  g  {f}  }).(F(a,.e);{  {o2}  g  {g}  }),(F(a„e);{  (<x2)  g  {h} }), 
(F(e,e);{  {a,}  g  {e} ,  (o2)  g  {f}  }),(F(f,e);{  {o,}  g  (f) ,  {o2}  g  (f) }), 

(F(g,e);{  {cj  g  {g} ,  {a2}  g  {f}  }),(F(e,e);{  {a,}  g  {e} ,  (a2)  g  {g} }), 

<F(f,e);{  {a,}  g  {f} .  [c2]  e  (g}  }),(F(g.e);{  {a,}  g  {g} ,  {a2}  g  {g} }), 

(F(e,e);{  (o,}  g  (e) .  {a2}  g  {h}  }).(F(f,e);{  (a,}  g  [f] ,  (o2)  g  {h} }). 

(F(g,e);{  {aj}  g  {g} .  (ct2)  g  {h}  }),(F(a2,e);{  {<7i,ct2} g  (f,g] }). 

(F(a2,e);{  (alta2)  g  {f}  }).(F(CT2.e):{  (a,,cr2}  g  {g} }), 

(F(f,e);{  {ot,o2}  g  {f}  }),(F(g.e);{  {clto2}  g  {g} }) } 


Fig.  1  (Example  2.1 1)  Part  of  the  Least  Model  State  of  Program  P. 

The  following  definition  is  analogous  to  the  definition  for  "logical  consequence"  in  first  order  logic. 

Definition  D2.17  ( 1=^ )  Let  P  be  a  program.  If  every  model  state  M  of  P  is  a  model  state  of  an  extended 
clause  (C;  w),  then  we  say  that  P  (=.  (C ;  w).  ■ 

We  denote  the  unique  model  state  in  the  above  proposition  as  Mp.  The  following  theorem  argues  strongly 
for  using  Mp  as  the  declarative  semantics  for  P. 

Theorem  T2.2  Let  P  be  a  program  and  (A;u)  be  an  element  in  HBNV(P).  Then  P^(A;u)  iff  (A;u)e  Mp. 
Proof: 

Pt=j(A;u) 

7for  any  model  state  S  of  P,  and  for  all  S-mapping  V  such  that  u[Pv]a*-L.  SvN  Apv. 

/iff  for  any  model  state  S  of  P,  and  for  all  S-mapping  V  such  that  u(pv]a*-L.  Apye  Sv. 

( v  Apv  is  ground) 

/iff  for  any  model  state  S  of  P,  LJ{(Apv;(pv1a)}  cS. 

v 

iff  for  any  model  state  S  of  P,  (A;u)  e  S.  ( v  {(A;u)}  (J  [(Apv;[Pv]a)}) 

v 

iff  (Aw)  g  Mp.  (proposition  P2.2)  Q.E.D. 
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3.  Fixpoint  Semantics 

In  a  definite  program  without  null  values,  we  can  calculate,  in  a  bottom-up  fashion,  the  set  of  ail  atoms  that 
are  derivable  from  the  program.  Let  us  call  this  set  I,  and  we  start  by  setting  I  to  the  empty  set.  We  obtain 
new  atoms  by  applying  the  clauses  in  the  program  in  the  following  way.  Given  a  clause  in  the  program 
H  <- body,  if  we  can  find  a  substitution  e  such  that  when  we  apply  6  to  body,  all  the  atoms  in  the  resulting 
bodyG  are  in  set  I,  then  we  say  that  H0  is  one-step  derivable  from  the  set  I.  After  we  have  found  all  such 
atoms,  we  add  them  to  I.  We  repeat  this  process  of  a  one-step  derivation  until  we  cannot  find  any  new 
atoms  to  add  to  I. 

The  above  description  of  one-step  derivation  is  formalized  as  an  operator  defined  below,  and  the 
process  of  finding  the  set  of  atoms  derivable  from  the  program  is  the  same  as  finding  the  fixpoint  of  this 
operator. 

Definition  D3.1  (Fixpoint  Operator  for  definite  Programs  [12])  Let  P  be  a  definite  program  without  any  S- 
constant,  and  I  be  a  subset  of  its  Herbrand  base.  The  fixpoint  operator  of  P,  represented  by  Tp,  is  defined 
by  Tp(I>=  {A  |  A<-  Bt . Ba  is  a  ground  instance  of  a  clause  in  P,and  {B,,...,Bn]  cl}  ■ 

We  can  follow  the  same  approach  for  programs  with  null  values,  except  that  we  need  to  take  care  of  the 
incomplete  information.  This  means  that  not  only  must  we  find  new  atoms  by  applying  program  clauses, 
we  also  have  to  find  the  proper  assignments  to  attach  to  these  atoms.  First,  we  need  to  define  ground 
instances  of  an  extended  clause. 

Definition  D3.2  (Ground  Instances  of  Extended  Clauses)  Let  P  be  a  program,  (C;d)  be  an  extended  pro¬ 
gram  clause  in  P,  and  e=dv6(  be  a  substitution,  where  0V  is  a  variable  substitution,  and  0,  is  an  applicable 
substitution  w.r.t.  P.  Then  (C0;[0]A)  is  a  ground  instance  of  (C;d)  iff  C0  contains  no  variable.  Gnd(P)  is 
the  set  of  all  the  ground  instances  of  the  extended  clauses  in  P.  ■ 

Note  that  d  in  the  above  definition  is  a  domain  specification,  and  as  such,  is  of  the  form 
{{<*,}£  D1,...,{oJg  DJ,  where  for  l^n,  D;  is  the  initial  range  of  O;.  Since  d  is  not  an  element  of  the 
assignment  universe,  we  can  not  define  the  ground  instance  of  (C;d)  to  be  (C0;d[0]A).  However,  since  d 
specifies  the  same  condition  as  the  empty  assignment  0,  (C0;[0]a)  is  all  we  need. 

The  following  property  is  useful. 

Proposition  P3.1  Let  P  be  a  program,  and  C  =(C;d)  be  an  extended  program  clause  in  P.  If 
(C0;(0]a)=(A<-B1,...,B11;w)  is  a  ground  instance  of  C  and  if  for  some  S-mapping  V,  w[pv]A*±,  then 
( Apv<— B  iPv,... 3nPv; [pvIa)  is  also  a  ground  instance  of  C. 

Proof: 

Since  w[pv]A=[0]A[pv]A*±.  then  [0Pv]a=[Pv]a-  (A  general  property  of  pv)  Q.E.D. 

In  defining  our  fixpoint  operator,  we  need  the  following  closure  operator. 

Definition  03.3  (Equivalence  Closure )  Let  P  be  a  program,  and  I  be  a  subset  of  HBNV(P).  The  equivalence 

closure  (or  E-closure)  of  I,  equ(I),  is  the  set  VJ J.  ■ 

j-.i 

Since  the  only  subset  of  the  HBNV  that  is  equivalent  to  the  empty  set  0  is  the  empty  set  itself,  we  have 
equ(0>=0.  In  general,  equ(I)  is  much  larger  than  I,  as  illustrated  by  the  following  example. 

Example  3.1 

Consider  the  program  in  example  2.1 1 .  Let  I={(F(ai,e);0)}.  Then  Figure  1  is  the  E-closure  of  I.  ■ 

Definition  D3.4  (Fixpoint  Operator)  Let  P  be  a  program  NTP  is  a  mapping  from  the  power  set  of  HBNV(P) 
to  the  power  set  of  HBNV(P).  If  lcHBNV(P),  then  NTp(I)=equ(I)  u  Tp(l)  where 

Tp(Q={(A;w)  |  (A«— Bi . Ba ;  w)  e  Gnd(P), 

and  there  are  (BJ;w:)^..,(B;;wa)  in  I,  such  that  w=w,...wa*±  and  B'[w]s=Bi  for  lsisn} 

We  also  define  NTPTn  and  TPtn  inductively  as 

nTpTO=0  .vTPTn=  ,\TP(ivTPT(n-l))  for  n>0. 

TPTO=0  TPTn=  Tp(TPT(rv— 1))  for  n>0. 
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Both  Tp  and  NTP  are  continuous  (see  Appendix),  and  since  the  power  set  of  HBNV(P)  is  a  complete  lattice, 
this  means  that  nTpTg)  (resp.  TpTco)  is  the  least  fixpoint  of  NTP  (resp.  TP). 

As  noted  before,  equ(I)  is  expensive  to  calculate.  However,  as  will  be  dear  in  the  rest  of  the  section, 
the  inclusion  of  equ  in  the  definition  of  the  NTP  operator  is  mainly  to  facilitate  the  proof  of  the  next  proposi¬ 
tion.  In  fact,  we  shall  see  later  that  to  calculate  the  least  fixpoint  of  NTP,  we  can  first  calculate  the  least  fix- 
point  of  Tp  and  then  take  its  E-closure. 

Example  3.2 

Recall  example  2.1 1 .  where  the  following  program  P  is  given: 

(F(oi,e);{{oi)s  {«/£)}) 

(F(o2,f);{{cT2)fi 
(S(x,y)  <-  F(ztx)J;(z,y) ;  0) 

We  will  only  consider  TP  here. 

TpTl-((F(Oi,e);{(<Xi}*  {eXg)}).(F(o2^);{{o2)g  {f,g,h}})). 

TpT2=T(Tpt l)=TpT  1  u{(S(e^);0),(S(f^):0),(S(e/);{(cI.o2) fi  {f,g}})} 

For  any  k>2,  TPTk=TPT2.  Therefore,  TPT2  is  the  fixpoint.  ■ 

The  next  proposition  states  that  the  model  state  of  a  program  is  identical  to  the  pre-fixpoints  of  NTP. 

Proposition  P3.2  Let  P  be  a  program.  I  is  a  model  state  of  P  iff  NTp(l)  cl. 

Proof: 

Only  it.  I  is  a  model  state  of  P. 

We  first  prove  that  Tp(I)  cl.  Then  by  the  definition  of  model  state,  equ(l)cl,  and  hence  NTp(I)  cl. 

If  an  element  (A;w)  is  in  Tp(I),  then  there  is  is  a  ground  instance  of  a  clause  in  P,  (A«-Bi,...vBn;wo). 
and  there  are  i.  elements,  (B^wJ  Ki<n,  in  I  such  that  w>wowi~wn*J~  This  implies  that  there  is  an 
S-mapping  such  that  wj[pvjA*-L  for  Osi^n.  Since  I  is  a  model  state  of  every  extended  clause  in  P, 
and  since  w0[pv]A*_L,  Iv  is  a  Herbrand  model  of  Apv<-(B1,...3a)Pv  Since  w^U^-L  tor  lsisn,  B,pv 
is  in  lv.  Therefore,  A pv  must  be  in  Iv.  By  the  definition  of  model  state,  we  know  that  I  contains  all 
elements  of  HBNV(P)  whose  image  is  Apv,  I.e. 

V(A';w')e  HBNV(P)  (w'  [pv]A*±  a  A'  Pv=A  ->  (A';w')e  I)  (*) 

In  particular,  if  we  let  (A';w')  be  (A;w),  then  all  the  premises  of  (*)  would  be  satisfied,  and  hence 
(A;w)  e  I.  That  is,  TpCQcL 
if-  NTp(DcI 

We  prove  that  if  Tp(l)cl  then  I  is  a  model  state  of  all  the  extended  clauses  of  P.  And  since  equ(l)cl. 

Jcl  tor  any  ja^l.  Then,  we  would  have  I  as  a  model  state. 

Let  (A<— B1^..30;wo)  be  a  ground  instance  of  an  extended  clause  C  in  P.  Let  V  be  an  S-mapping 
such  that  w0[pv]A*JL.  That  is,  Apv«-(Bl,...,BJpv  is  a  ground  instance  of  Cv.  Suppose  there  are  n 
elements,  (BijWj)  l£i£n,  in  I,  such  that  Wi[pv]A*±.  i.e.  BjPve  Iy 

WitpvU^-L.  for  OSuSn,  implies  that  if  w=w0w,...wB,  then  w[pv]A*J-  By  the  definition  of  Tp,  (A;w)  e  Tp(I), 
and  hence,  (A;w)cl.  That  is,  Apv  is  in  Iv,  therefore,  Iv  is  a  Herbrand  model  of  this  ground  instance 
of  clause  Cv.  This  argument  holds  for  any  ground  instance  of  Cv  where  C  can  be  any  extended 
clause  in  P.  Therefore,  I  is  a  model  state  of  all  extended  clauses  in  P.  Q.E.D. 

In  proving  the  following  theorem  we  use  a  property  of  complete  lattices  and  fixpoint  operators  ([12]), 
namely, 

Proposition  P3.3  If  L  is  a  complete  lattice,  and  T  is  an  operator  on  this  lattice,  then  the  least  fixpoint  of  T 
is  equal  to  the  greatest  lower  bound  (gib)  of  the  set  (I  e  L | T(I)  cl}  ■ 

We  will  also  use  the  fact  that  for  any  continuous  (hence  monotonic)  operator  T,  TTncTT(n+l)  for  n^O.  This 
is  easily  proven  by  induction  on  n. 

Theorem  T3.1  (Fixpoint  Characterisation  of  Least  Model  State)  Let  P  be  a  program.  Then 
(1)  the  least  model  state,  Mp,  of  P  equals  the  least  fixpoint  of  the  operator  NTP,  NTpTo>. 
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(2)  TpTojBn,  jjTpTco. 

Proof: 

Part  1 :  Mp  -  Pi{K  |  K  is  a  model  state  of  P}  -  glb{K[K  is  a  model  state  of  P) 

-  gib {K |  NTp(K)cK}  -  lfp(NTP)  -  nTpTo). 

Part  2.  We  prove  (2)  by  showing  that  tor  ti20,  TpTn  ■„  NTPTn. 

First,  it  is  easy  to  prove  that  for  mao,  TpTmcNTpfm:  NTPT0=TpT0,  and  TpTkc  NTPTk  implies 
Tpt(k+1)  c  Tp(  NTPTk)  C  equ(  NTPTk)  u  Tp(  NTPtk)=  NTpT(k+l). 

For  n=0,  NTPTO=TPTO,  SO  TpTO-n,  NTPT0. 

Assume  that  for  n<k,  TPTn  *„  NTPtn. 

In  the  appendix  we  si.jw  that  for  any  subset  I  of  HBNV(P)  and  any  n>0,  if  TpTn*,,,!  and  TpTn  cl. 
then  TpT(n+l)^,Tp(I).  Since  TPT(k-l)  c  NTpT(k-l)  and  by  the  induction  hypothesis, 
TpTOc-l)**  NTPT(k-l),  we  have  TPTk  *n  Tp(  NTPT(k- 1)).  In  any  S-mapping  V, 
(NTpTk)v=(NTpT(k-l))vuCrp(NTpT(k-l))v.  Since  NTpTGc-l^TpTOc-l)  and  Tp(NTpT(k-l))-nTpTk. 
we  have  (NTPTk)v=(TpT(k-l))vu(TpTk)v.  And  since  TP  is  continuous,  TPT(k-l)cTpTk.  So, 

( NTPTk)v=(TpTk)v.  and  hence  NTPTk  ■„  TPTk.  O.E.D. 

Since  the  most  useful  information  contained  in  a  least  model  state  of  a  program  is  the  Images’  of  that 
model  state  in  each  possible  world,  (2)  above  tells  us  that  it  is  adequate  to  calculate  the  least  fixpoint  of 
the  Tp  operator. 

4.  Procedural  Semantics 

In  the  previous  sections,  we  have  defined  declarative  semantics  for  programs  with  null  values.  This 
includes  both  a  model  theoretic  and  a  fixpoint  characterization.  In  this  section,  we  present  a  refutation  pro¬ 
cedure,  called  NSLO  refutation,  which  is  a  generalization  of  SLD  refutation  with  a  discussion  of  how  it 
relates  to  the  declarative  semantics. 

4.1.  Resolution 

Our  procedural  semantics  is  based  on  the  concept  of  resolution.  The  following  definitions  are  adapted 
from  the  binary  resolution  for  clauses  in  [3j. 

Definition  D4.1  ( Factor )  Let  C  *  (C;w)  be  an  extended  clause.  If  two  or  more  literals  (with  the  same  sign) 
C  have  a  most  general  unifier  p,  and  if  w[p]A*±,  then  Cp  -  (CpjwUaIa)  is  called  a  factor  of  C.  ■ 

Example  4.1 

Let  (C;w)  be  the  extended  clause  (P(oltx)  v P(z,f(y))  v  Q(a,c);  [oj )  g  {a,b,c}).  The  first  and  second 
literals  of  G  have  an  mgu  p={a1/zj(y)/x}.  Since  [p]A=0,  w(p]A=w*±.  Hence,  (CwwQiIa)  * 
(P(a,,f(y))  v  Q(a^);w)  is  a  factor  of  (C;w).  ■ 

Definition  D4.2  ( Binary  Resolvent)  Let  P  be  a  program.  Let  C,  ■  (C,;u)  and  C2  -  (C»v)  be  two  extended 
clauses  such  that  there  are  no  common  variables  in  Ci  and  C*  Let  L,  and  L*  be  two  literals  in  C,  and  C2, 
respectively.  If  Li  and  -1L2  have  a  most  general  unifier  0,  such  that  [0]Auv*_i_  then  we  say  that  C,  and  C2 
resolve  on  Lt  and  with  binary  resolvent  C  ■  (C;w),  where  C=(C10-L,0)u(C20-L20)  and  w*(0]Auv  C, 
and  C2  are  called  the  parent  clauses  of  C.  ■ 

Example  4.2 

Consider  the  two  extended  clauses  C1  «  (P(Oj,f(y))vQ(a,c);u),  where  u  is  {{Oj)  fi  (a,b,c}},  and  C2  * 
(R(o2,x)v->P(b,x);v),  where  v  is  {{c2}g  (d^J)}.  We  see  from  example  2.10,  that  P(a,,f(y))  and 
P(b,x)  unifies  with  mgu  0=  (b/Oi/(y )/x),  and  [0]Auv= {{<j2}  g  (b),(o2)  g  (d,e,f)}*.L.  Therefore,  C,  and 
C2  can  resolve  on  P(Oi/(y))  with  the  binary  resolvent 
C-CQCa^vRCo^MfcJg  {b),[o2}g  (d,e/)}) 

■ 

Definition  D4.3  ( Resolvent )  A  resolvent  of  (parent)  extended  clauses  (C,;w,)  and  (C2;w2),  is  one  of  the  fol¬ 
lowing  binary  resolvents: 

1.  a  binary  resolvent  of  (C,;w,)  and  (C^wj), 

2.  a  binary  resolvent  of  (C^w,)  and  a  factor  of  (C^wj), 
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3.  a  binary  resolvent  of  a  factor  of  (Cf.wi)  and  (C2;w2), 

4.  a  binary  resolvent  of  a  factor  of  (Ct;wi)  and  a  factor  of  (C2; wj),  ■ 

Example  4.3 

Let  C,  -  (Q;wi)  be  the  extended  clause  (P(ai.x)vP(z,f(y))vQ(a,c);{a,}g  {a,b,c}).  and  C2  -  (C^wj) 
b?  the  extended  clause  (R(a2^)  v-,P(b^);(c2)  §  (d,e,f)).  From  example  4.1,  we  know  that  a  factor 
of  C1  is  C,'  -  (P(CTt/(y))  v Q(a,c); {at }  §  {a.b.c}),  and  from  the  previous  example,  we  know  that  a 
binary  resolvent  of  C,'  and  C2  is  C  ■  (Q{a,c)  vR(<y2/(y));{{o1}  g  {b},{<j2}  g  {d,e,f}}).  Therefore,  C  is  a 
resolvent  of  C1  and  C2.  ■ 

The  resolution  theorem  below  states  that  a  resolvent  is  a  logical  consequence  of  its  parent  clauses.  In 
proving  it.  we  need  the  following  lemma. 

Lemma  L4.1  Let  P  be  a  program,  and  C  -  (C;w)  be  an  extended  clause.  Let  P(=  C. 

(1)  if  Cp  is  a  factor  of  C,  then  P^Cp. 

(2)  If  u  is  an  assignment  such  that  uw*±  then  Pj^  (C;uw). 

(3)  If  0  is  a  substitution  such  that  w[0]A*±,  then  P^(C8;w[0]A). 

Proof: 

(1)  Let  V  be  an  S-mapping  such  that  w[p]A[pvlA*i~  Then  w[pv]A^l.  Since  P^(C;w),  this  means  that 
for  any  model  state  I  of  P,  IvNCpv-  Since  Cp  is  just  an  instance  of  C,  IvNCppv-  Hence, 

Pj^CCpiwtplA). 

(2)  Let  V  be  an  S-mapping  such  that  uw[py]A*±.  Then  w[pv]A*-i-.  Since  Pj=  (C;w),  this  means  that  for 
any  model  state  I  of  P,  lvhCpv  Hence,  P^(C;uw). 

(3)  We  need  to  prove  that  for  any  model  state,  I,  of  P,  and  all  S-mapping  V  such  that  (w[e]A)[pv]A*J-  Iv 
is  a  Herbrand  model  of  C0pv- 

If  (w[0]a)[pv]a*-L  then  wCpvIa^-L  and  since  P^(C;w),  Iv  is  a  Herbrand  model  of  Cpy.  Therefore,  Iv 
is  a  Herbrand  model  of  all  ground  instances  of  Cpy  To  prove  that  Iv  is  a  model  of  C0pv.  we  need  to 
prove  that  Iv  is  a  model  of  all  the  ground  instances  of  C0py.  We  can  show  this  by  proving  that  any 
ground  instance  of  C0pv  is  a  ground  instance  of  Cpy 

Let  0=0^0,  where  0„  contains  variable  substitutions  only,  and  0,  contains  S-constant  substitutions 
only.  (w[0]AXpv]A*-L  implies  that  [0]a[Pv]a*-L,  and  so  0(pvc=Pv  (see  appendix)  and  therefore, 
0pv=0*Pv  and  since  0„  contains  only  variable  substitutions  and  pv  contains  only  S-constant  substi¬ 
tutions,  0„pv=pv(0i>Pv)-  Hence,  for  any  variable  substitution  y,  (C0pv)y=<Cpv)0TJpvY,  and  any  ground 
instance  of  COpv  is  a  ground  instance  of  Cpy.  Q.E.D. 

Theorem  T4.1  ( Resolution  Theorem)  Let  P  be  a  program,  and  Cv  C2  be  two  extended  clauses.  If  C  is  a 
resolvent  of  C,  and  C2,  and  if  P^C,  and  Pt=jjC2,  then  P^C. 

Proof: 

From  lemma  L4.1  (1 ),  we  know  that  if  C,pv  and  are  factors  of  C,  and  C2,  respectively,  then 

0*4.1. 1)  P^C^andP^C^ 

Therefore,  in  the  following,  we  only  show  the  proof  for  case  (1)  in  the  definition  of  resolvent,  i.e.  the 
resolvent  being  a  binary  resolvent  of  C,  and  C2.  The  cases  involving  factors)  of  C,  or  C2  or  both, 
are  straight  forward  implication  of  (T4.1.1)  and  case  (1). 

Let  C,  be  (Ci;u)=(Li  vLu  v...vLim;u)  and  C2  be  (C2;v)=(L2 vL^  v ... v L^v)  such  that  C,  and 
C2  resolve  on  Lt  and  I*  with  mgu  0  and  resolvent  C  -  (C;w).  Then 
C*(Ln  v.^vL^vl^j  v...vL2a)0  and  w=[0]auv*_l. 
w»[0]auv*±  implies  that  [0]Au*±  and  [0]Av*±,  and  since  Pj=  C,  and  Pj=  Ca,  from  lemma  L4.l(3), 
P^(Ci0;u(0]a)  and  P^QOM©]^.  Also,  w=[0]Auv*±,  implies  that,  for  any  S-mapping  V,  if 
(PvJaw^I  then  [Pv]au[01a*1.  and  (pv]av[9]a*-L.  Therefore,  for  any  model  state  M  of  P, 
MvNCi0pv  and  MvhC^py  We  need  to  prove  that  Mv|=Cpy 

Assume  that  Cpv  is  false  w.r.t.  Mv.  Then  Lu0pv  and  L^Opv  are  all  false  w.r.t.  Mv,  for  isism 
and  l£j£n.  In  order  for  MvhCi0pv  and  MvNC20pv.  we  must  have  Mv|=Li0pv  and  MvNL20py 
Since  0  is  an  mgu  of  L,  and  -.L*  Li0»-nL^9.  Therefore,  both  L,0pv  and  L20pv=->L|0pv  are  true 
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w.r.t.  Mv,  a  contradiction.  Hence,  MvhC,  and  M  is  a  model  state  of  C.  Q.E.D. 

4.2.  NSLD-Refutation 

NSLD-refutation  is  an  extension  of  SLD-refutation  to  logic  programs  with  null  values. 

Definition  D4.4  ( NSLD-Derivation )  Let  P  be  a  program  and  G=(f-A1,...^k;w)  be  an  extended  goal 
clause.  An  NSLD-derivation  of  P  u  {G}  is  a  sequence  of  extended  goal  clauses  Go.  Gi ...  where  Go=G  and 
for  all  £0,  Gi+i  is  obtained  from  G{  as  follow: 

(1)  Gi  iS  (4-Ai!,...  Am.- Ak, :  wO 

(2)  C^i  =  (A<-B1,...3,;u)  is  an  extended  program  clause  in  P 

(3)  Aim0i+i=A0i+1,  where  0^  is  an  mgu  of  A  and  A*,. 

(4)  ww*Wi(0wjA*.L 

(5)  Gift  IS  (<“(Ait,.»AiB-l3lM“3qiAiBflc'.Ak30i+l  'i  ^M-l) 

We  call  Q«.i  the  input  clause  to  the  i+l-st  step.  ■ 

Note  that  by  (4)  above,  a  sequence  of  extended  goal  clauses  is  an  NSLD  derivation  only  if  the  assignment 
part  of  each  clause  is  not  ±. 

Definition  D4.5  ( NSLD-Refutation )  Let  P  be  a  program,  and  G=(g;u)  be  an  extended  goal  clause.  An 
NSLD-refutation  of  P  u  {G}  is  a  finite  NSLD-derivation  of  P  u  {G}  such  that  Ga=(Qu[01]A...[0a]A),  where  0it 
l£i£n,  are  the  mgu's  in  the  derivation.  We  say  the  refutation  has  length  n.  ■ 

Example  4.4 

Consider  the  program  in  Example  2.1 1 : 

(1)  (F(<T„e)  ;{{<*}£  {eXg}}) 

(2)  (F(c2^);{{o2]g{f,gJi]}) 

(3)  (S(x,y)f-F(z^)J(z.y);0) 

Let  G  be  the  goal  («-S(e,f)  ;0).  One  possible  NSLD-refutation  is  as  follows: 

Step  1 :  G0  is  (<-S(e,f) ;  0).  We  choose  S(e4)  and  use  clause  (3)  to  calculate  GP  The  mgu  for  the  two 
atoms  is  0i  -  (e/x,i/y).  Since  there  is  no  S-constant  in  0,,  wI=[01]A=0.  And  Gi  is 
(<-F(z,e),F(z.O  ;0). 

Step  2:  Choose  F(z^)  and  use  clause  (1).  The  mgu  is  02  -  {o,/z}.  This  does  not  involve  substitution 
of  S-constants,  therefore,  w2  is  still  0.  And  G2  is  (<-F(a!4);0)- 
Step  3:  The  only  atom  left  is  F(Oi,f).  We  use  clause  (2).  The  mgu  is  03  -  {o^/di}.  w3=w2I03]A  which 
is  {{olOj}  s  {f,g}}.  And  G3  is  the  extended  null  clause  (□;  w3). 

This  is,  therefore,  an  NSLD-refutation  of  length  3.  ■ 

4.3.  Soundness  of  NSLD-Resolution 

We  can  (informally)  demonstrate  the  soundness  of  NSLD-refutation  as  a  direct  result  of  the  resolution 
theorem.  In  the  definition  of  NSLD-derivation,  we  see  that  if  GM  is  obtained  from  G,  by  using  an  extended 
clause  C  -  (A«-Blt...,B,;u)  and  an  mgu  0W,  then  C  and  Gi  resolve  on  A  with  mgu  and  resolvent  GM. 
Since  C  is  a  clause  in  P,  P)=  C.  Therefore,  by  the  resolution  theorem,  if  P^G;  then  P|=jGw.  Now  let 
G0*(«-A1,...,An;w).  By  induction  on  the  length  of  an  NSLD-refutation  for  Pu{G0},  we  will  have  P(=^G0 
implies  P)=  (Ctw).  To  put  it  another  way,  if  we  assume  — i(Ai  a  ...  a  A^),  l^i^n,  is  true  in  P,  then  we  will 
derive  the  empty  clause,  i.e.  a  contradiction.  Therefore,  fin  must  all  be  true.  Of  course,  to  formally  prove 
this  soundness  result,  we  need  to  consider  the  substitutions  obtained  from  the  refutation.  The  following 
definitions  are  useful  in  subsequent  discussions. 

Definition  D4.6  (Computed  Answer)  Let  P  be  a  program,  G=(g;u)  be  an  extended  goal.  If  there  is  an  n- 
length  NSLD  refutation  of  P  vj  {G}  with  mgu’s  0i^..,0a,  then  a  computed  answer  substitution  0  for  P  u  {G}  is 
the  substitution  obtained  by  restricting  the  variables  in  the  composition  0,...0a  to  the  variables  that  appear 
in  g,  and  a  computed  answer  assignment  is  the  assignment  [0i]A...[0JA. 

In  example  4.4  the  computed  answer  substitution  is  e,  and  computer  answer  assignment  is 
-  00C0JA  -  Wa  -  {(<*i.<*2}  fi 
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Now  we  formally  state  a  result  regarding  the  soundness  of  NSLD-refutation  with  respect  to  the  declarative 
semantics  presented  in  the  previous  sections.  The  following  lemmas  are  used  in  the  proof  of  the  sound¬ 
ness  theorem. 

Lemma  L4.2  Let  P  be  a  program,  and  C  -  (C;w)  be  an  extended  clause.  Let  Pf^C. 

(1)  If  u  is  an  assignment  such  that  uw*l  then  P^(C;uw). 

(2)  If  0  is  a  substitution  such  that  w(0]x*±,  then  P^  (C0;w[0]A). 

Proof: 

Let  V  be  an  S-mapping 

(1)  uw[pv]A*± 

=>  w[pv]A*-L 

=>  Py^=Cpv  ( Py^|j(C;w)) 

=*  Pt=  (C;uw). 

(2)  w[0]A[pv]A^l 
=>  w[pv]A*± 

=>  Py^Cpv  =*  Py^COpv 

( v  pv  only  involves  substituting  S-constants  for  constants.) 

=*  P^CCOiwCOU.  Q.E.D. 

Lemma  L4.3  Let  P  be  a  program.  Then 

(1)  (a)  If  P(=  (AAB;w)thenP)=  (A;w)andP)=  (B;w) 

(b)  If  P  t=jj  (A ;  u)  and  Pf=j(B;w)  and  uwl  then  P  ^  (A  a  B ;  uw) 

(2)  P^=j  (Af-B ;  w)  and  Pj=j(B;w)  implies  P)^  (A ;  w) 

Proof: 

(la)  P^(AaB;w) 

=»  for  any  model  state  I  of  P,  and  for  any  S-mapping  V  such  that  wpv*l,  IVN(A  aB)pv 
=>  for  any  model  state  I  of  P,  and  for  any  S-mapping  V  such  that  wpv*-L,  Ivh  Apv  and  IvhBpv 
=>  P(=j,(A;w)  and  P|=j(B;w). 

(lb)  uw*±,  and  P(=|(A;u),  P(=  (B;w) 

=»  for  any  S-mapping  V,  if  uwpv*l  then  upv*±  and  wpy*l.  And  for  any  model  state  I  of  P,  and  any 
S-mapping  V'  such  that  upv*l  and  wpv*±,  Iv  N  Apv  and  Iv  N  Bpv 
=>  for  any  model  state  I  of  P  and  for  any  S-mapping  V  such  that  uvpv*l,  IVN  Apy  a  Bpv 
=»  Pf=j(AAB;uv). 

(2)  P^A^Biw)  and  Pf=  (B;w) 

iff  for  any  model  state  I  of  P,  and  for  any  S-mapping  V  such  that  wpv*±,  Ivh(A<-B)pv  and  IvhBpv 
implies  for  any  model  state  I  of  P,  and  for  any  S-mapping  V  such  that  wpv*±,  Ivf=  Apv 
iff  (A;w). 

Q.E.D. 

Theorem  T4.2  ( Soundness )  Let  P  be  a  definite  program,  and  G=(<-C;u)  be  an  extended  goal  clause.  If 
there  is  an  NSLD-refutation  for  P  u  (G)  with  computed  answer  substitution  6  and  computed  answer 
assignment  w,  then  P)=  (C0;uw). 

Proof: 

Let  G=(<-C;u)=(«-Al,...,Am;u)-  Let  the  Pu{G]  has  an  NSLD  refutation  with  length  n,  and  mgu’s 
0^..,0a.  Then  w=[0,]A...(0JA.  We  prove  the  theorem  by  induction  on  the  length  n. 
ne=l:  C=Ai,  ©=0lt  w=(0j]A  and  there  is  (A;v)  in  P  such  that  A0i=Ai0i  and  Since  (A;v)  is  an 

extended  program  clause  in  P,  P(=j(A;0).  By  lemma  L4.2(2),  P^CAe,#^]*).  Since 
u10i)a*-L.  by  lemma  L4.2(1).  P^AOjaitOM  =(Ai0i;uw)  =(C0;uw) 
n<k:  Assume  that  the  theorem  is  true  for  n<k. 

n=k:  Let  the  first  input  clause  be  (A<-B^..3p;v)  in  P  and  the  atom  chosen  from  G0  be  Aj  and  0,  is 
such  that  A0t=Aj0i  and  u(0i]A*±.  Then  Gj  is 

(♦— Ct;wi)  *  («-(At 3i A+t ••  ••  Aa)0i ;u[0iJA) • 
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Gi,...,G„  is  a  length  n-1  NSLD-refutation  for  P  u  {Gj},  with  mgu's  02,...,0a.  By  the  induction 
hypothesis,  Pf=  (Cle2...0a;w1[02]A...tejA). 

By  lemma  L4.3(l),  P^J((B1,...3p)0i02...0a;w1[02]A„.[0n]A)=((B1,...3p)e;uw).  Since 

(A<-B,,...,Bp;v)  is  an  extended  clause  in  P.  P|=  (A«-B!,...3P;0).  By  lemma  L4.2(l), 
P^(A<-B1,...3p:u).  Since  uw=u[01]A...[0a]A*±,  by  lemma  L4.2(1),  P(=j  ((A<-  Bj „..3p)©;uw) .  So 
by ‘lemma  L4.3(2),  Pf=  (A6;uw).  Also,  by  lemma  L4.3(1).  P(=  ((A,.„.A-iA+i.-An)®;uw).  So, 
P^((A1.--An)0;uw).  Q.E.D. 

Example  4.5 

Consider  the  refutation  for  the  goal  clause  (<-S(e,f) ;  0)  in  Example  4.4.  The  computed  answer  sub* 
stitution  is  0  =  010203={e/x//ty,a2/z,a2/c1}  with  the  variables  restricted  to  those  in  the  goal.  Since  there 
is  no  variable  in  the  goal  clause,  the  resulting  substitution  is  just  03  *  {o^oj}. 

Now  -  (S(e,f);{{<Ji,o2}  e  {f,g}}),  which  is  an  element  in  TPT©  (see  Example 

3.2).  Therefore,  0  is  a  correct  answer  substitution.  ■ 

4.4.  Completeness  of  NSLD-Resolution 

In  this  section  we  prove  some  completeness  results  of  NSLD  refutation.  The  main  technique  used  in  the 
proofs  is  combining  refutations  to  form  a  larger  one.  However,  the  presence  of  S-constants  complicates 
the  proof  in  the  following  way.  Without  S-constants,  the  (SLD)  refutation  of  a  ground  goal  will  always  yield 
an  answer  substitution  that  is  the  identity  substitution  e,  and  the  refutations  of  two  ground  atoms  can  be 
easily  combined  to  form  a  refutation  for  the  conjunction  of  the  two  atoms.  However,  if  there  are  S- 
constants  in  a  ground  goal,  an  NSLD  refutation  may  produce  an  answer  substitution  that  contains  terms  of 
the  form  c/a  or  ax/a2,  where  c  is  a  constant  and  a,aua2  are  S-constants.  Therefore,  we  need  the  following 
lemma. 

Lemma  L4.4  Let  P  be  a  program  with  null  values.  Let  (B^w),  l^bsn,  be  extended  atoms  in  HBNV(P).  If 
P  u  {(«-B1;w)}  has  an  NSLD-refutation  with  computed  answer  substitution  e  and  computed  answer 
assignment  w,  for  l£i<n,  then  P  u  {(«-B1,.„30;w)}  also  has  an  NSLD-refutation  with  computed  answer 
substitution  e  and  computed  answer  assignment  w. 

Proof: 
n=l:  trivial. 

n>l:  Let  G0  be  («-Bt,...3a;w).  Let  the  NSLD-refutation  for  P  u  ((«-Bi;w))  consists  of  the  sequence  of 
goals  (Gi0^..,GinJ.  the  sequence  of  input  clauses  (Qj^..,QmJ,  and  the  sequence  of  mgu’s  (0il„..,8inJ. 
where  Gii=(<-gij;wii),  for  and  gupB;,  and  &„,=□.  We  can  construct  a  sequence  of  goals 

(G1,...,Gaj  such  that  Gj=(«-gjj,bj:wwij),  where  bj  is  the  (ground)  formula  (B,  ,...3j-i 3i+i ,...3„)0ii ...fy. 
Since  w=wu...winll,  and  since  each  of  the  B*  l<k£n,  is  ground,  Bk0iI...0aai=Bk[wil]A...[wimi]A=Bk[w]s. 

So,  Ga,  would  be  the  goal  («-(Bl„..3a)[w]s;w).  For  each  Bk,  l<fcsn,  (Bk*,w)  is  in  HBNV(P),  hence 
Bk(w]s*Bk.  Therefore,  Gaa=(«-B1^..3i-i3i+i,...3a;w).  Since  there  are  only  n-i  atoms  in  G,*,  we  can 
use  the  induction  hypothesis.  Hence,  G0  has  an  NSLD-refutation.  Q.E.D. 

The  following  property  of  the  fixpoint  operator  Tp  makes  the  proof  of  completeness  much  easier. 

Proposition  P4.1  Let  P  be  a  program  with  null  values.  Then  TPtn  can  be  reformulated  as  TPtl=Tp(0) 
TPTn=((A;w)  |  (A«-B! . Ba ; w) e  Gnd(P),  and  there  are  (Bj;w) . (Ba;w)  in  TPT(n— l)},  k>l. 

Proof: 

By  the  definition  of  TP,  (A;w)e  TPTn  iff  there  is  (A«-Bi,...3n)  in  Gnd(P)  and  there  are  (B^w,) . 

(Bnjwj  in  TPt(n-l)  such  that  w=w1...wa  and  B([w]s=Bi  for  isi<n. 

It  is  easy  to  prove  by  induction  that  TPtk  is  closed  under  ground  instance,  i.e.  if  (B;v)e  TPTk 
for  some  k  then  any  ground  instance  of  (B;v)  is  also  in  TPTk. 

Since  B(Iw]s  is  ground,  and  from  the  appendix  we  know  that  [[w]s]A=w,  (Bn>]s;wiw)  =(Bi;w)  is 
a  ground  instance  of  (B'jwJ.  Therefore,  (Bifw)  e  TPT(n-l).  Q.E.D. 

Note  that  the  above  reformulation  only  applies  to  the  upward  powers  of  TP,  and  not  to  the  definition  of  TP 
itself. 
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Theorem  T4.3  { Completeness )  Let  P  be  a  program  with  null  values.  Let  (A;w)  be  an  element  in  Tptco,  then 
P  u  {(<-A;w)}  has  an  NSLD-refutation,  such  that  the  computed  answer  substitution  is  e  and  the  computed 
answer  assignment  is  w. 

Proof: 

Let  (A;w)  be  an  element  in  TPTn.  We  prove  by  induction  on  n. 

n=l:  (A;w)  e  TpTl.  (A<-;w)  e  Gnd(P).  That  is,  there  is  a  unit  clause  (A'«-;u)  in  P  and  a  pair  of  substitu¬ 
tions  9V  and  0„  where  9V  contains  only  variable  substitutions  and  9,  contains  only  S-constant  substi¬ 
tutions,  such  that  A'8V8,=A  and  [0JA=w. 

Since  A'0V0,=A'0,(0V0^=A,  and  (w]s=0„  therefore,  there  is  an  NSLD-refutation  of  length  1  where 
the  unifier  is  9V9,. 

n>l:  Let  (A;w)  be  an  element  in  TPTn.  Then  there  is  (A<-Bi,...3m;w)e  Gnd(P),  such  that  for  i<i<m, 
(Bj;w)  e  TpT(n-l).  By  the  definition  of  Gnd(P),  there  exist  an  extended  clause  C=»(A'<-B'1,...3^;u)  in 
P,  a  variable  substitution  0V,  and  an  S-constant  substitution  0,  such  that  [9JA=w  and  A'0v0,=A,  and 
B'9v9,=Bi  for  l^i<tn. 

A,9v0i=A,0,(0v0J=A  and  B'9V0,=B'  ©.(Oyg^Bi  for  l<i<m.  Therefore,  A  and  the  head  of  the  extended 
clause  Cw»(A'[w]s<-Bl[w]s^..fBi,[w]s;uw)=(A/01«-B'19„...3m0,:w)  unifies  with  mgu  0V9,.  If  we  let 
Go=(«-A;w),  and  use  C  as  the  input  clause,  then  we  have  Gt=(<-(B'i0f,...3^ej(ev0j;[ejA)= 
(<-Bi,...3m;w).  Since  (Bi;w)e  TpT(n-l).  by  the  induction  hypothesis,  each  (Bjjw)  has  an  NSLD- 
refutation  with  computed  answer  substitution  e  and  computed  answer  assignment  w.  Using  lemma 
L4.4,  we  have  our  result.  Q.E.D. 

Furthermore,  from  theorem  T3.1(2),  we  have  the  following  (weak)  completeness  regarding  NTp. 

Theorem  T4.4  ( Weak  Completeness)  Let  P  be  a  program  with  null  values.  Let  (A;w)  be  an  element  in  Mp . 
then  there  are  m  NSLD-refutation,  m>l,  for  P  u  ((<-A;w)}  with  computed  answer  substitutions  ©i,...,0m, 
and  computed  answer  assignments  u1,...,um,  such  that  {(A;w)}  =„  VJ  ((A^iwul)}  .  ■ 

l<i<m 

This  result  states  that  NSLD  can  calculate  the  images  for  every  element  in  Mp ,  but  it  might  not  be  able  to 
calculate  the  elements  directly.  For  example,  if  a  program  contains  the  following  clauses: 
(P(x)<-Q(x,y)3(y);0).  (Q(a,<r);{  (a) §  {b,c}}),  (R(b);0)  and  (R(c);0).  Then  (P(a);0)  is  in  Mp.  However, 
(<-P(a);0)  only  have  two  NSLD  refutations,  with  computed  answer  assignments  w,={  (a)  g  (b) }  and 
Wj={  {a}  g  (c) },  respectively.  It  is  easy  to  see  that  {(P(a);0)}  ^  {(PCa);w1).(P(a);w2)}. 

5.  Conclusion 

In  this  paper,  we  consider  the  problems  of  representing,  in  definite  logic  programs,  a  class  of  indefinite 
information  called  null  values,  and  of  computing  answers  to  queries  in  such  programs. 

To  achieve  this,  we  add  to  first  order  logic  a  new  type  of  objects  called  S-constants.  Together  with 
other  extensions,  these  S-constants  are  used  to  formulate  the  incompleteness  represented  by  null  values. 

We  then  defined  an  extension  to  Hertirand  models  that  gives  our  logic  a  model-theoretic  semantics. 
Two  operators  are  then  defined  to  give  a  fixpoint  characterization  of  this  same  semantics.  One  of  the 
operator  has  a  least  fixpoint  that  corresponds  exactly  to  the  model  semantics.  The  other  operator  captures 
the  essential  information  contained  in  the  model  semantics  and  is  much  easier  to  compute  than  the  first 
one.  A  proof  procedure  that  is  very  similar  in  form  to  SLD  resolution  is  also  developed,  with  the  proper 
soundness  and  completeness  results. 

Future  work  is  to  develop  an  appropriate  semantics  and  proof  procedure  for  inferring  negative  information 
from  a  program  that  contains  null  values.  We  then  plan  to  investigate  how  to  extend  these  work  on  null 
values  to  general  Horn  programs,  i.e.  programs  that  allow  negative  literals  in  the  rule  bodies. 
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In  the  proof  of  the  following  proposition,  we  use  the  following  property  of  a  directed  set:  ([12]) 

If  X  is  a  directed  subset  of  a  complete  lattice,  and  if  {A1,...^A0}  c  lub(X)  then  {Aj . AJ  c  I  for  some 

I  e  X.  (Assume  that  Aj e  I;  for  some  Ii  in  X,  then  since  X  is  directed,  there  is  a  set  I  in  X  such  that  KJ  lid, 

ISiSn 

and  hence  {A1,.„A.j  c  I  ) 

Theorem  TA.1  ( Continuity  of  TP  and  NTP)  Given  a  program  P,  the  TP  and  the  NTP  operators  are  continu¬ 
ous. 

Proof: 

We  first  prove  the  continuity  of  TP.  Let  X  be  a  directed  subset  of  the  power  set  of  HBNV(P). 

(A;w)e  Tp(lub(X)) 

iff  (A«-Bi,...JBn;wo)  is  a  ground  instance  of  an  extended  clause  in  P  and  (B^w^e  lub(X),  for  l£isn, 
and  w=w0w1,..wo9t± 

iff  there  is  an  I  in  X  such  that  (B^wj)  e  I,  for  l<i<n. 

iff  (A;w)  e  Tj>(I)  for  some  I  e  X 

iff( A;w)e  UTpOCMubOXX)). 
i«x 

Next,  since  X  is  directed,  any  finite  subset  {^,...,1*}  of  X  has  an  upper  bound  J  in  X,  i.e.  Ulid- 

lSiSn 

Therefore. 

equ(  LJ  IJc equ(J)  c LJ (equ(J)  |  J  e  X)  =rlub(equ(X)), 

1  USB 

and 

equ(lub(X))  c  lub(equ(X)). 

Also,  for  any  I  and  J,  equ(I)u  equ(J)  c equ(I  u  J),  hence  lub(equ(X))  c equ(lub(X)).  So,  equ  is  continu¬ 
ous,  and  so  is  NTP.  Q.E.D. 


Proposition  PA.1  {Properties  o/TP)  Let  P  be  a  program 

(1)  For  any  S-mapping  V,  an  atom  A  is  in  (TPtn)v  iff  there  is  an  extended  atom  (A;w)  in  TPtn  such  that 
w(Pv]a*-L- 

(2)  If  I  is  a  subset  of  HBNV(P)  such  that  I»mTPTn  and  TPTncI  then  T^n+lJ^TpCI). 

Proof: 

Part  I:  When  n=i,  if  A  is  in  (TPTl)v  then  there  is  (A';w')  in  TPT1  such  that  w'tpvU*!  and  A'py=A. 
Therefore,  there  is  a  ground  instance  (A';wo)  of  a  program  clause  C  in  P,  such  that  w'=w0.  This 
means  that  (A'pviwoIpvU)  is  also  a  ground  instance  of  C,  since  wo[py]A*±.  Therefore, 
(A'pv;wp[pv]A>=(A;w)€  TpTi. 

Assume  that  (1)  is  true  for  n<k.  We  want  to  show  that  it  also  holds  for  n2k. 

If  A  e  (TPtk)y.  then  there  is  (A';w')  in  TPTn  such  that  w'[pyJA*l  and  A'py=A.  By  definition  of  TPtn, 
there  is  a  program  clause  C  in  P  that  has  a  ground  instance  (A'  <-Blt...3n;wo)  such  that  there  are 
(Bi;wi)€  TPt(k-l),  ISiSn,  and  w'=w0wi...wa*±.  Since  w'[pv]A*i.,  Wi[py]A*±  for  (Ki£n.  Therefore, 
BiPve  (T|<k-l))v,  l£i£n,  and  (A/pv<-B1pv^..,Bnpv;wo(pv]A)  is  also  a  ground  instance  of  C.  From  the 
induction  hypothesis,  there  are  (BpviuOe  TPT(k-l),  l<i^n,  such  that  Ui[py]A*±.  Therefore, 
w=w0fPv]Au1...uI1^l,  and  (A;w)=(A'pv;w)e  TPtk. 

Part  II:  We  need  to  prove  that  for  any  S-mapping  V,  (Tpt(n+l»v=CrP(I))v 
Since  TP  is  continuous,  TPT(n+l)cT|>(D,  and  hence  (TPT(n+  l))y c (Tf<I))v. 

If  Ae  (T|>(I))v  then  there  is  (A';w')  in  Ti<I)  such  that  w'[py]A*±  and  A'pv=A.  Therefore,  there  is  a 
clause  C  in  P  that  has  a  ground  instance  (A'«-B1,...rBn;wQ)  and  (B^el,  i<i£n,  such  that 
w'=wqw1...wb^X.  Since  w'[py]A*±,  Wi[pv]A^l,  Osisn.  So  B;pve  Iy.  Since  TPTn  ^  I,  Bjpye  (TPTn)y. 

By  (1),  there  are  (Bipv;wi)€TPtn,  l<i<n,  such  that  w;[pv]A*±.  Since  w0tpv]A^l, 
(A'pv<-Blpvv..3nPv;wo(pv]A)  is  also  a  ground  instance  of  C.  Also,  w=w0[pv]Aw1...wI1*±.  Hence 
(A' p;wHA;w)  e  Tp{n+1),  and  (T^yc (T^n+l)^.  Q.E.D. 
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Proposition  PA.2  ( Properties  of  Assignments  and  Substitutions)  Let  P  be  a  program,  and  let  9  be  an  appli¬ 
cable  substitution  w.r.t.  P.  Let  0=0vu8„  where  0y  is  the  part  of  0  that  involves  only  variable  substitutions, 
and  0,  is  the  part  that  contains  only  S-constant  substitutions.  Let  V  be  an  S-mapping  such  that 
[QJaIPvIa*-!-  Then  0pv=0vpv- 
Proof: 

[0]a=[0Ja.  •••  [6Ja[Pv3a*1-  Assume  that  pv  is  foM . c JaJ  and  that  0,  is  {1,/vj . tjvj,  where  v*  is 

one  of  <jj,  lsi^m  and  l<j<n.  0,pv  is  {tipv/v1....,tnipv/vm,ci/a1,..,cn/cIJ  with  any  redundant  terms 
removed.  In  order  for  0,pv=pv>  we  need  to  prove  that  for  l<i<m,  either  tiPv=Vi  so  that  kPv/^i  is 
removed,  or  ttpv=Cj,  so  that  Lpv/v;  and  Cj/cj  are  identical.  Since  pv  only  substitutes  S-constants  by 
constants,  the  first  situation  does  not  occur.  We  prove  the  second  one  by  contradiction. 

Assume  that  there  is  an  i,  l<i<m,  such  that  tiPv*Cj.  There  are  two  cases  to  consider. 

Case  1 :  is  some  constant  c.  tiPv=c.  If  c*cjt  then  ^(^,[0^  n  ran(aj,[pv]A)=0i  •••  [8,]a[Pv]a=-L. 

Case  2:  t*  is  some  S-constant  ap  such  that  j<p.  tiPv=Cp.  If  c^,  then,  because  tj/vpa p/oje  0„ 
Cla(<Tj,[0,]A)=Cla(op,[0JA)  and  ran(oj,[0Jx)=ran(ap,[0JA).  On  the  other  hand, 
ran(<Tp,[pv]A)  n ran(Oj,[pv]A)  =(<?}  n  {Cj}=0.  These  facts  implies  that  [0Ja[Pv]a=-L.  Q.E.D. 
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